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> Wg Weil group;

» The local class field theory says that there is a canonical
continuous group homomorphism

aF:WF—>FX

inducing topological isomorphism W2 ~ F* = GL;(F).
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» Irreducible admissible representations: Irr(G(F))
(Casselman-Wallach if F is Archimedean);
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» Local Langlands Reciprocity for GL: There is a unique
bijection between ®gy,, (F) and Irr(GL,(F)), compatible with
local class field theory, L-functions, e-factors;

» The Local Langlands Reciprocity for GL is now a Theorem.
When F is p-adic, it is proved by Harris-Taylor, Henniart and
Scholze; When F is Archimedean, it follows from the work of
Langlands on the classification of irreducible admissible
representations (for general reductive Lie groups);

» In general, the set ®(F) gives a partition of Irr(G(F)). For

any ¢ € ®g(F), there is a finite subset (L-packet)
M, C Irr(G(F)). For GL the L-packets are singleton.



Local Langlands Functoriality

Given p : LH — LG, based on the Local Langlands Reciprocity,
there is the

Local Langlands Functoriality for p:

For any L-packet I, of H(F) associated to ¢ € ®y(F), there is an
L-packet Mo, of G(F) that lifts 1, along p.
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Distribution characters

» For any m € Irr(G(F)), one can associate to it a distribution
character try;

» By Harish-Chandra, the distribution character tr; is given by
a locally integrable function tr;(g) on G(F), which is smooth
(analytic when F is Archimedean) on G™*(F);

» For non-isomorphic irreducible admissible representations,
their distribution characters are linearly independent.



A natural question

R. Langlands proposed the following question (Singularités et
transfert, 2013):

Given p: LH — LG, does there exist a (stable) distribution ©” on
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that for any tempered [-packet I1,, the following identity holds
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A natural question

R. Langlands proposed the following question (Singularités et

transfert, 2013):
Given p: LH — LG, does there exist a (stable) distribution ©” on

H(F) x G(F) (more precisely their Steinberg-Hitchin bases), such
that for any tempered [-packet I1,, the following identity holds

trn,.. () = /H L &g,

as locally integrable distributions?

» 1, is tempered if ¢ : WF — LH has bounded image;

» It is expected that in general irreducible representations in I1,
are tempered representations;

> trn, = > ren, tTx, and in general it is expected that trn,, is a
stable distribution on H(F).



Known results

» When F is p-adic, H is an elliptic torus in G = SLy, and
p:LH — LG is the standard embedding, the pioneer work of
I. Gelfand, M. Graev and |. Pyatetski-Shapiro showed
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» When F is p-adic, H is an elliptic torus in G = SLy, and
p:LH — LG is the standard embedding, the pioneer work of
I. Gelfand, M. Graev and |. Pyatetski-Shapiro showed

L seng(in(e) — (k)
Oeh) =2 a) — (h)

where E is the quadratic extension associated to H and sgng
is the quadratic character of F* obtained via CFT.

» When the residue characteristic of F is not equal to 2,
Langlands analyzed the question when H is a maximal torus
in G =SLo, and p: 'tH — LG is the standard embedding.

» The result of G-G-PS was generalized by D. Johnstone in his
PhD thesis for H an unramified elliptic torus in G = SL,
under mild assumptions on the residue characteristic of F and
character formulas for the associated supercuspidal
representations of SL,(F), where £ is a prime.



Non-abelian situation

What about the case when both H and G are non-abelian?

Focus
H=GL,, G=GLp1, p=Sym”;

» Local Langlands Reciprocity for GL is known;

» [-packets are singleton, stability for GL is equivalent to
conjugation invariance;

» The classification of tempered representations for GL is
known. p-adic by H. Jacquet, Archimedean by A. Knapp and
G. Zuckerman.



Preparations

Notation
» T,C B, C GL,;
» M, C P, C GL, corresponds to partition (2,2, ...
even, and (2,2,...,2,1) is n is odd,;
> Dcr,(x) = |det(1 — Ad(x))lg1,/(gt).| the Weyl discriminant;

,2)if nis



When F =C

» Tempered representations of GLy(C) are all tempered
principal series, i.e. m ~ Indgjz(xhxz) where x1, x2 are
unitary characters of C*;



When F =C

» Tempered representations of GLy(C) are all tempered

principal series, i.e. m ~ Indgjz(xhxz) where x1, x2 are
unitary characters of C*;

» The lifting p(7) of 7 along p is given by

GL, _
IndBn+1+1(XZ,l77 XT 1X2> ey Xg)



When F =C

By the explicit character formulas for principal series, it is not hard
to derive the following result.

Proposition (Johnstone-L.)
Define ©F as the parabolic induction of ©”T from

Tn+1(C) X TQ((C) to GLn+1(C) X GLQ(C), where ©°T s
supported on T;5%(C) x T;%(C) given by
@PJ—(D, t) = 51—[22 D:+1—k(1.'1) X (51—123 D‘/:—1(t2)

with (D, t) = (Dl,...,Dn+1,t1,t2). Then
1 1
D (@)tre(&) = | (gD, (1)txs()
GL2(F)

for any tempered representation m of GLo(C).



When F =R

Tempered representations

» Tempered principal series Indgj“z(xhxg) where x1, X2 are
unitary characters of R*;

» Discrete series D; ; parametrized by (/,t) € N x iR.

[ssue
The distribution constructed before does NOT work for discrete
series.

Question
How to unify the tempered principal series and discrete series?



When F =R

Observation
Let w, be the central character of 7. The lifting p(7) for any
tempered representation 7 is always of the form Indg,i"lﬂ(

where

7-‘-I\/’n-f—l )

ﬂ n - .
@i 2k @(wr)2, if nis even,

Mns1 = nl L
®k:1 Tok—1, if nis odd.

n—

if m= IndCB;2L2(X1, X2). Here mp, = (wﬂ)Tm ® Indgfz(xi”,xé");
Qi ok Qlwr)2, if nis even,
WMHJrl = " ntl
®k2:1 Tok—1, if nis odd.

if 7= Dy;. Here mpm = (wr) 2 @ Dkt



When F =R

Reduce to M,

By the character formula for induced representations, we only need
to determine a distribution @M1 on M, 1(F) x GLy(F) which
yields the lifting of distribution characters from 7 to mpy, ., .



When F = R: Character relation

Moreover, we have the following theorem relating character
distributions between 7 and 7.

Theorem (Johnstone-L.)

» Fix a tempered principal series IndeLQ(Xl, x2) of GLy(F).
Then the following equality of locally integrable distributions
holds

1

D(E}LQ ('7 )trInd (x1, XQ)(F}/ ) GL2 (Fy)trlnd(x1 x5) (’7)

for any k € N.
» When F =R, let D, ; be the discrete series representation of

GLy(R) associated to (I,t) € N x C. Then the following
equality of locally integrable distributions holds
1 1
DC2}L2 (Vk)trD/,t('Yk) = DC2}L2 (V)ter/,kt('Y)

for any k € N odd.



When F = R: Reduction formula

Assumption

A, .
When n is odd, assume that the distribution ©  “3* exists where
A1 is the diagonal embedding from GL2(C) x WE to
2

n+1

Moy = (T, CLa(C)) x W,

Definition

Define the distribution @M"“ on

Mpi1(R) x GLa(R) ~ (H, 1 GL2(R)) x GLa(R) as follows,

eMn+1 (glr"a gL*'lafy)

~e® "5 (det(g1) 2 " g,

det(gg) 2 -gg’, -
det(gny1) - g1,
2

gnit,
2
7).



When F = R: Reduction formula

Corollary (Johnstone-L.)
The following distributional identity holds,

1
2
DM

n+1 (

1
m)trey, (m) = / OMr (1, ) Dy (1)tr+()
GLy(F)

for any tempered representation w of GLo(F) when F is
Archimedean.
Remark

» Define ©7 as the parabolic induction of @M1 from
Mn+1(F) X GLQ(F) to GLn_H(F) X GLz(F).



When F = R: Reduction formula

Corollary (Johnstone-L.)
The following distributional identity holds,
1

1 1
Dy, ,, (m)trmy,  (m) = /G » )@M"+1(m,'y)DéL2(7)tr7r(fy)
2

for any tempered representation w of GLo(F) when F is
Archimedean.

Remark

» Define ©7 as the parabolic induction of @M1 from
Mn+1(F) X GLQ(F) to GLn_H(F) X GLz(F).
n+l

» The functoriality for An+1 is given by m = ), 21 m, which is

much easier than p. However, the existence of @ " seems
to be not easy from analytical point of view.



When F is p-adic

We focus on the case when the residue characteristic of F is NOT
equal to 2.

Tempered representations

» Tempered principal series;

» Twisted Steinberg representations with unitary central
character;

» Supercuspidal representations with unitary central character;

Focus
Supercuspidal representations.
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character of E*. For each admissible pair (E/F,0), we
denote the corresponding supercuspidal representation by 7y;
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» By R. Howe, the supercuspidal representations of GLy(F) can
be parametrized by admissible pairs (E/F,0) with E/F a
tamely ramified quadratic extension, and € an admissible
character of E*. For each admissible pair (E/F,0), we
denote the corresponding supercuspidal representation by 7y;

» The functorial lifting p(7) of m = my is also of the form

GL
Indp "7, where

Q2_; Tk Q(0]x)2, if nis even,
TMns1 = g v
&, 21 k-1, if nis odd.
Here mm = (0]x) 2 ® mgm where mym is the tempered
representation of GLy(F) with tempered L-parameter
Indwge’". Note: 6|gx is the central character of 7.



When F is p-adic: Character relation

Similar to the Archimedean case, we have the following relation
between character distributions of mg« and .

» Let my be the supercuspidal representation of GLy(F)
associated to an admissible pair (E/F,0). Then the following
equality holds as locally integrable distributions, whenever
k € N is coprime to (¢ — 1)g(g + 1), where q is the
cardinality of the residue field of F

1 1
D&r, (V) trr, (v%) = D&r, (V) tra,, (7)-

Remark

Under mild assumptions on k and q, except twisted Steinberg
representations, the distribution characters of tempered
representations behave like characters (for abelian groups).



Thank you!



