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Notation and Goal

e G reductive group defined over p-adic field F, G = G(F)
o H reductive F-subgroup of G that contains [G, G]
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Notation and Goal

e G reductive group defined over p-adic field F, G = G(F)
o H reductive F-subgroup of G that contains [G, G]

Goal: Take an irreducible representation 7 of G and study 7|y.

** with a few hypotheses
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Classification of Irreducible Representations of G

Jacquet's Subrepresentation Theorem:

Supercuspidal
Irreducible

Subrep of Ind§ o
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Classification of Irreducible Representations of G

Jacquet's Subrepresentation Theorem:

Supercuspidal
Irreducible

Subrep of Ind§ o

J.K. Yu construction:

1) Start with G-datum V.
2) Construct open compact-mod-center group K9 and sg(V).
3) mg(V) = Indféd k(W) irreducible supercuspidal.

Fintzen: Yu's construction is exhaustive!
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N
A First Observation...

What is the relationship between the G-datum VW and the H-data V;?

Adele Bourgeois (University of Ottawa) Restricting Data and Types May 29, 2020 4 /17



N
Definition of G-datum

A sequence ¥ = (@,y, r,p, 5) is a G-datum if and only if:

Adele Bourgeois (University of Ottawa) Restricting Data and Types May 29, 2020 5/17



N
Definition of G-datum

— -,

A sequence V = (G, y, 1, p,¢) is a G-datum if and only if:

e G is a tamely ramified twisted Levi sequence G = (G GH,...,GY);
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Definition of G-datum

A sequence ¥ = (@,y, r,p, 5) is a G-datum if and only if:

e G is a tamely ramified twisted Levi sequence G = (G%,G1,...,GY);
e yis a point in B(G, F)NA(G,T, E);

e pis an irreducible representation of K® = G[(})/] such that Indﬁg pis
irreducible supercuspidal (of depth zero);
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N
Definition of G-datum

A sequence ¥ = (@,y, r,p, q?) is a G-datum if and only if:

e G is a tamely ramified twisted Levi sequence G = (G%,G1,...,GY);
e yis a point in B(G, F)NA(G,T, E);

e pis an irreducible representation of KO = G[?/] such that Ind,G(g pis
irreducible supercuspidal (of depth zero);

o = (ro,r,...,rq) is a sequence of real numbers satisfying
O<ro<r1<---<rd,1§rd ifd>0,0§ro if d =0;
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N
Definition of G-datum

A sequence ¥ = (@,y, r,p, gg) is a G-datum if and only if:

e G is a tamely ramified twisted Levi sequence G = (G%,G1,...,GY);
e yis a point in B(G, F)NA(G,T, E);

e pis an irreducible representation of KO = G[?/] such that Ind,G(g pis
irreducible supercuspidal (of depth zero);

e 7=(ro,n,...,rq) is a sequence of real numbers satisfying
O<nm<n< -+ <rg_1<rgitd>0,0<rifd=0;

o &= (4% ¢,...,¢9) is a sequence of generic quasicharacters of depth r;

for0<i<d-—1.lf ry_1 < ry, we assume gbd is of depth ry, otherwise
p? =1.
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-
Restricting a G-datum

(GO? G17 et Gd)? p7 (¢07 ctt ¢d71? ¢d)
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-
Restricting a G-datum

(GO? G17 R Gd)? p7 (¢07 ] ¢d717 ¢d)
JQH lﬂH JQH
(HC, M, ..., M),
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-
Restricting a G-datum

(G07 G17 MR Gd)? p? (¢07 MR d)d717 ¢d)
|

lﬂH lﬂH lﬁH }

(HO, !, ..., H9), pe.

an irreducible component of p\,_,[o]
Y.
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Restricting a G-datum

(G G! ..., G, 2 (0%, ..., ¢97L  ¢9)
‘ d—1 d
JmH lmH JmH | Resgﬁl Resf,d,ll JResﬁd
‘ —
(HO, HY, ..., HY), pe, (%, - of . of)
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-
Restricting a G-datum

(GO7 Gl? et Gd)7 p? (¢07 R ¢d_17 ¢d)
‘ d—1 d
JmH lmH JmH | Resf,‘;l Res,f,d,ll JRes,‘jd
| —
(H°, MY, ..., H9), pe, (6%, ... o5t 0%
/
F<rg_1

Theorem (B)
Let ¥ denote the depth of gzﬁ‘,f,.
1) IfF> rg_q, set o = (8%, ..., 0% 1 6%) and F = (ro, ..., ra_1,F).
2) IfF<ry_q, set (b_;., = (¢9, - ,gi)‘zflgbﬂ, 1) and F= (roy -y rd—1)-
Then, V, = (H, y, 7. pe, df;.,) is an H-datum.
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What we expect...
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What we expect...
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What we expect...

m6(¥)
(6
(H,y,r:pm*)/(ﬁ,y,alpez,mﬁ,y,r:pem,qﬂ,)
W)
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What we expect...
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TH(Ve,) TH(Ve,) TH(Ve,)

= TI'H(\UgI.) C WG(W)|H, 1<i<m.
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J.K. Yu Construction

(qu’ KO) . <¢d—27 Kd_2) (¢d—1’ Kd—l) (¢d, Kd)
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N
J.K. Yu Construction

(¢07 KO) . (¢d—27 Kd—2) ((z)d—l7 Kd—l)
J extend J extend J extend
((bo/, Kl) o (gbd—z” Kd—l) <¢d—1” Kd)
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J.K. Yu Construction

((z)O’ KO) L. (¢d—2’ Kd—2) ((z)d—l, Kd_l)
extend extend extend

((bo/, Kl) o (gbd—z” Kd—l) (¢d—1” Kd)
inflate inflate =

(HO, Kd) . (Hd_2, Kd) (Hd_l, Kd)
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J.K. Yu Construction

(K)o (@K (LK) (%K)
extend extend extend =

(%.01) e (k) (o) (oK)
inflate inflate = =

(WO,KY) o (k2 KT (LKY) (9, KY)

KG(\U):/Q—l®/§0®/§1®K2,..®5d—2®ﬁd_1®ﬂd
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Restriction of mg(V)

(b, K°)
inflate

(k71 K9)

Adele Bourgeois (University of Ottawa)

(¢, K')
extend
(¢i” Ki+1>
inflate

(", k)
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|
Restriction of mg(V)

restrict

(¢, K') (®h: K1)
extend extend
(p’ KO) restrict (Z?LW’ K/(-)/> (qf)i’, Ki+1> <¢I;_I/7 KI’;I+1>
inflatel l inflate  inflate inflate
(1, k) (ortkn) (k) (i K5}
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|
Restriction of mg(V)

i\ restrict i ;
(¢, K') (0 Kiy)
extend O extend
restrict 0 Sr e
KO ey ¢ KO (¢/ K1+1> <¢1 KH— )
(p, ) eeLp TH ’ restrict Ho>H
inflatel O l inflate  inflate O inflate
-1 d -1 d i ped i d
kK Pk, K k', K Ky, K
( ’ ) restrict <ZeL e H) ( ’ ) restrict ( H> H)
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|
Restriction of g (V)

i i\ restrict P i
(¢, K') (04 Kiy)
extend O extend
KO restrict <@ ,K°> ( i Ki+1> ( il Kf+1>
(p ) feLpe H ¢ restrict O > Kh
inflatel O linﬂate inflate O inflate
_1,Kd <@ _I,Kd> i,Kd i ,Kd
(Ii ) restrict EELW H (K ) restrict (K;H H)

Theorem (B)

hie(Wlkg = & wu(Ve)
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|
Restriction of mg(V)

restrict

(¢, K') (s, Kiy)
extend O extend
KO restrict <@ ,K°> ( i Ki+1> ( il Kf+1>
(p ) feLpe H ¢ restrict O > Kh
inflatel O linﬂate inflate O inflate
_1,Kd <@ _l,Kd> i,Kd i ,Kd
(Ii ) restrict EELW H (K ) restrict (K;H H)

Theorem (B)

k(W) = @ k(W) and me(V)|y ~ & | @ wu(*Vy) ), where C is a
Ho el teC \teL

set of representatives of H\G/K¢.

Adele Bourgeois (University of Ottawa) Restricting Data and Types May 29, 2020 9 /17



Classification of Irreducible Representations of G

Jacquet's Subrepresentation Theorem:

Supercuspidal
Irreducible

Subrep of Ind§ &
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Classification of Irreducible Representations of G

Jacquet's Subrepresentation Theorem:

Supercuspidal
Irreducible

Subrep of Ind§ &

No analog of Mautner's Theorem, let’s use types!
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-
Defining Types

Bernstein Decomposition:

R(G) = [[ R*(6).

s€B

Elements of B <> (M,o), M is a Levi subgroup of G and o is a
supercuspidal irrep of M / ~.
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-
Defining Types

Bernstein Decomposition:

R(G) = [[ R*(6).

s€B

Elements of B <> (M,o), M is a Levi subgroup of G and o is a
supercuspidal irrep of M / ~.

J compact open subgroup of G, A be a smooth irrep of J
(J,A) is an s-type if for every irrep m of G: m € R*(G) iff 7|, contains A.

We say that an irreducible smooth representation 7 of G contains a type if
there exists an s-type (J, A) such that 7|, contains A.
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Kim-Yu Construction of Types

Completely analogous to Yu's construction for supercuspidal reps:
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-
Kim-Yu Construction of Types

Completely analogous to Yu's construction for supercuspidal reps:

1) Start with a type-datum X.
2) Construct open compact subgroup J and A\g(X).
3) (J4,A6(X)) is a Kim-Yu type.

Fintzen: Every irreducible representation 7 of G contains a Kim-Yu type!
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-
Definition of Type-datum

-,

A sequence ¥ = ((G,MP°), (y, {I}), 7, (Mf,p),qb) is a G type-datum for G
iff:
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Definition of Type-datum

-,

A sequence ¥ = ((G,MO), (y,{I}), 7, (M}(,),,O),(JS) is a type-datum for G iff:

e G=(GY%G,...,G? and M? is a Levi subgroup of GY;
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Definition of Type-datum

-,

A sequence ¥ = ((G,MO), (v, {/}), 7, (M}(,),,O),(JS) is a type-datum for G iff:

e G= (G%,GY,...,G9) and MO is a Levi subgroup of G°;
e yin B(G,F)NA(G,T,E) and {/} is a generic embedding;
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Definition of Type-datum

-,

A sequence ¥ = ((G,MO), (y, {I}), 7, (I\/lf.,p),(b) is a type-datum for G iff:

e G=(G°G,...,G% and M is a Levi subgroup of G;

e yin B(G,F)NnA(G,T,E) and {/} is a generic embedding;

e pis an irreducible representation of Mf,’ such that p|,\/,;>.0 contains a
cuspidal;
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Definition of Type-datum

-,

A sequence ¥ = ((G,MO), (v, {I}), 7, (M)(,),,O),(JS) is a type-datum for G iff:

e G=(G°G,...,G% and M is a Levi subgroup of G;

e yin B(G,F)NnA(G,T,E) and {/} is a generic embedding;

e p is an irreducible representation of M}(,) such that p|,\/,;)y0 contains a
cuspidal;

e = (ro,r,...,rq) is a sequence of real numbers satisfying
0<ro<r1<---<rd,1§rd ifd>0,0§r0 if d =0;
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-
Definition of Type-datum

-,

A sequence ¥ = ((G,MO), (y, {I}), 7, (M;’,p),fb) is a type-datum for G iff:

e G= (G%,GY,...,G9) and MO is a Levi subgroup of G°;

e yin B(G,F)NnA(G,T,E) and {/} is a generic embedding;

e p is an irreducible representation of M}(,) such that p|,\/,o0 contains a
¥,

cuspidal;

e 7= (ro,n,...,rq) is a sequence of real numbers satisfying

O<n<n< - <rg_1<rgitd>0,0<rifd=0;

o &= (4% ¢,...,¢9) is a sequence of generic quasicharacters of depth r;
for0<i<d-—1.lf ry_1 < ry, we assume gbd is of depth ry, otherwise
p? =1.

Adele Bourgeois (University of Ottawa) Restricting Data and Types May 29, 2020 13 /17



-
Restriction of Type-datum

(G, M), P, (6% .o o?Th @)
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-
Restriction of Type-datum

(G, M), P, (%, ..., o7t ¢9)
lﬂH lmH
(H, M),
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-
Restriction of Type-datum

(G, MDO), 2 (@° ..., @97t ¢9)
|

lmH JOH }

(]ﬁ[’ M]?—]I)? p‘gv

an irreducible component of p\(Mg)y
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-
Restriction of Type-datum

(G, M), P, (¢°, ..., ¢97L ¢9)

‘ d—1 d
lﬁH lmH | Resﬁgl Resf,d,ll lResf,d
= | _

(H, MY), pe, 0%, .., o8t 6%
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Restriction of Type-datum

(G, M), P,
|
lmH lmH }
- |
(H7 M%I)) P,

Theorem (B)
Let ¥ denote the depth of (ﬁj_’,.

1) IfF > rg_1, set ¢7—I = ((;50 Yo
2) IFF < ry_1, set gy = (69, - -
Then, Ty = ((H, M%), (v,{/}), %, (M})y. pe), 611) is a type-datum for H.

0
Res,(jo l

(0% ...,

@Y, - o0 9%

y d_l,(ﬁﬂ) and I::: (ro, ey d—1, F).

L% 9, 1) and F = (o, .., ra—1).

v
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-
Restriction of Type

(4, A¢(X))

(@ M), (v {1}). 7, (M2, ). 6)
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Restriction of Type

(4, A¢(X))

(@ M), (v {1}). 7, (M2, ). 6)

|

{ (G148, (0. 1), 7 (M), 0. 63) . L}
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Restriction of Type

(4, A¢(X))

(@ M), (v {1}). 7, (M2, ). 6)

|

{ (G148, (0. 1), 7 (M), 0. 63) . L}

{(n, Au(Xp)), L € L}
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.
Restriction of Type

(4, A¢(X))

(@ M), (v {1}). 7, (M2, ). 6)

|

{ (G148, (0. 1), 7 (M), 0. 63) . L}

{(n, Au(Xp)), L € L}

Theorem (B)
A6(E) s = @ An(E))
lel
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Restriction of the Representation

Let 7 be an irrep of G.
o (L, hg(X)Cm
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Restriction of the Representation

Let 7 be an irrep of G.
) (J,)\G(Z)) Ccm = {(JH,ZE),E S L} C 7T’H
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Restriction of the Representation

Let 7 be an irrep of G.
) (J,)\G(Z)) cm = {(JH,ZE),E € L} C 7T’H
@ theory of types does not give correspondence with reps, so open
problems!
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Thank you

e
(D) azzze L~ Ontario. @ uotawa
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