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Abstract

Let p be a prime number and K a finite unramified extension of Q,. For a
smooth representation 7 of GLy(K') occurring in some Hecke eigenspace of the
mod p cohomology of a Shimura curve, we explore different strategies (inspired
by the case K = Q) to attack the locality question: does 7 depend only
on the underlying 2-dimensional representation p of Gal(K/K)? In particular
when [K : Q] = 2, crucially using perfectoid geometry, we associate to p an
infinite-dimensional mod p smooth representation of (£ &) which we hope is

0 1
the restriction to (X &) of the (irreducible) supersingular subquotient of 7.
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Let p be a prime number and K a finite extension of Q,. In the classical formulation
of the (hoped for) mod p Langlands correspondence for GLy(K'), one would like to re-
late two-dimensional continuous representations p of Gal(K /K) in characteristic p to
certain finite length infinite-dimensional smooth representations 7 of GLy(K) in char-
acteristic p. The case K = @, has been known for years ([Coll0a], [Eme], [CDP14]),
but the case K # Q, has been challenging specialists for a quarter of a century, at
least in part due to a lack of classification of irreducible smooth representations of

GLy(K) in characteristic p (when K # Q).



Inspired by K = Q,, it is natural to first look for the representations of GLq(K)
in the mod p Betti cohomology H* of towers of Shimura varieties, or more precisely in
the Hecke-isotypic subspaces of H?, where d is the dimension of the relevant Shimura
varieties and “Hecke-isotypic” means with respect to modular globalizations 7 of the
Galois representations p. When d € {0,1} it is known in many cases that the iso-
morphism class of such a Hecke-isotypic subspace 7 determines the one of 5 ([BD14],
[Sch18]). When moreover K is unramified and under several technical hypothesis (on
p, P, T), it was recently proven that 7 has finite length ([BHHT al|, [Ber]). In general, =
could depend on more than 7 (for instance because of multiplicities that involve places
outside of p). But under a multiplicity one assumption on 7 (that can be satisfied
in practice), p — 7 is a good candidate for a mod p Langlands correspondence for
GLy(K), or at least would be if we knew the answer to the following crucial question.

Question 1.1. Does 7 depend only on p?

Question (1.1}, which is called the locality issue, is natural because everything that
can be calculated about 7 up till now (Serre weights, invariants under 1+ pMs(Of),
etc.) depends only on p. But over the years it has proved to be extremely difficult:
its answer is yes when K = Q, but so far there is no example of a single 7 when
K # Q, for which the answer is known. In this work, we do not answer Question
but we present a tentative approach to this locality issue (§ , as well as two failed
attempts so far (§ , § but whose intermediate results may be of use in the future.

Let us temporarily return to K = Q, and assume that p : Gal(Q,/Q,) — GLy(F)
is irreducible, or equivalently 7 is supersingular, which is the most interesting case
(in this introduction F is a sufficiently large finite extension of F, so that all rep-
resentations are over F-vector spaces). Let D(p) be Fontaine’s cyclotomic (@, Z))-
module over F((Z,)) = F((T")) associated to p and recall there is a canonical surjection
¥ : D(p) — D(p) with ¢ o ¢ = id. Colmez found in [Coll0al § IV.4] several ways to
relate D(p) to the restriction of 7 to P := ((%; %P) (up to twist, say). One way is
an equivariant injection mv < Jim . D(p) (where 7 is the F-linear dual of 7) which
induces an isomorphism

7p <> lim D(p) (1)
P

where D(p)? is the unique minimal nonzero closed F[T]-submodule of D(p) which is
Z,-stable and on which ¢ is surjective. In particular 7¥|p depends only on p and with
[Pas07] it follows that m depends only on p. Another way, which can also be deduced
from the injection v < Jim . D(p), is an equivariant surjection (again stated here up

to twist):
Deo(p) :==F(T" 7)) ®r(ry D(p) — 7lp- (2)
A few years ago we began investigating what happens to and when Q, is

replaced by an unramified extension. Unsurprisingly we discovered a situation far
more complicated than for Q,. In this work we present our findings so far.
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Assume from now on that K is unramified and let f := [K : Q,], ¢ := p/. The Iwa-
sawa algebra F[O] can be written as F[Y;, o:Fy < F] for Y, := 3=, px a(N)7HA €
F[Ok], where [\] € O is the multiplicative representative of A (seen in F[Ok]). We
define the ring A as the completion of F[Ok][1/Y,, o:F, — F] for the (Y,),-adic
topology. Alternatively A is isomorphic to the Tate algebra F((Y,){(Yy /Y, ), o’ #
o) for any choice of . It is endowed with an F-linear Frobenius ¢ coming from the
multiplication by p on Ok and with a commuting continuous action of Oj; also coming
from multiplication on Ok. An étale (p, Oj)-module over A is by definition a finite
free A-module D endowed with a semi-linear Frobenius ¢ whose image generates D
and a commuting continuous semi-linear action of Of. Any étale (¢, O )-module D
is also endowed with a surjection v : D — D such that ¥ o ¢ = id.

Let p and 7 be as in Question (we always assume p sufficiently generic). In
[BHHT25Dh] we associated to p an étale (p, OF)-module D (p) of rank 2/ over A. In
[BHH"25a] we also defined

DA<7T) = A®IF‘[[OK]] (7'('\/), (3)

where the completion is for the tensor product topology (with the profinite topology
on ). In [BHH"25b] and [Wana] it is shown by explicit computations that D 4()
and D% (p) are isomorphic as étale (¢, O )-modules (up to twist). Together with
we obtain a morphism 7V — D% (p) and denote by D4(r)* its image, which is a
nonzero Ox-stable closed F[Ox]-submodule of D (p) on which 1 is surjective. In the
rest of this introduction, in order to avoid principal series (which are not at all difficult
to handle but which behave slightly differently from supersingular representations),
we replace 7 by its maximal subquotient which has only (finitely many) supersingular
constituents (this subquotient exists by the main results of [BHHT a]). There is an

explicit subquotient D (7)™ of DF(5) such that Da(7) = DF ()™ (see (17), (18)).

Theorem 1.2. Let p, ™ be as above and recall P = (KOX ff) C GLy(K).

(i) We have an isomorphism 7 |p — lim D ().

(ii) Assume m is irreducible (which happens when f = 2 or when p is irreducible).
Then Da(m)* is a minimal closed F[Ok]-submodule of D3 (p)™ which is [F}]-
stable and on which v is surjective. Moreover m depends only on p if and only
if Ds(7)%, as a ([Fx],v)-module over F[Ok], depends only on p.

Part (i) is easy (Corollary[2.2.4) and part (ii) follows from part (i) and a strength-
ening of results of Paskunas (Theorem and Remark [2.1.7(ii)); see Corollary
[2.2.7 and the paragraph below Remark [2.2.6] In fact, in most cases, using a further
strengthening of [Pas07] (Theorem one can even forget the [F)]-action and
prove that D4(m)" is a minimal closed F[Og]-submodule of D%(p)* on which 1 is



surjective (Corollary [2.2.5)). Even better, at least when f = 2 and p is reducible, we do
not need the surjectivity of 1, that is, D4(m)" is a minimal closed F[O]-submodule
of D% (p)* preserved by ¢ (Lemma [2.3.5)).

Since D% (p)* is very simple when f = 2 and p is reducible (see with (18)),
and 1) is also not very complicated (see with (22))), we were hoping to find ways
to identify D4 (m)" inside D% (p)* in that case, even though we knew that D4(m)" is
not of finite type over F[Ok] (Proposition [2.3.1). However, we could not find one
single nonzero element in D ()" (see Lemma[2.3.8). Also, contrary to the case f = 1,
there can exist several minimal nonzero closed F[Ok]-submodules of D% (p)* which
are Oj-stable on which v is surjective (we give examples in Remark but we
suspect this could be a general phenomenon).

As it seemed impossible to directly recognize D4 ()%, we tried a perfectoid ap-
proach (§ . When f =1, Dyo(p) in is a dense subspace of @w D(p) and the
intersection X = Dy (p) N Mw D(p)* is again dense in 1'&111} D(p)* = 7V|p (using
). That is, 7"|p can also be described as the closure of X in Jim . D(p). When

f > 1, though we do not know what D 4(n)" is, there is a possible geometric interpre-
tation of (the analog of) X in terms of perfectoid geometry which depends only on
P as we explain now.

Replacing A by its perfectoid version A, := F((Y,}/?™)) <(Y0/ JY)EUPE o £ a>
(a perfectoid Tate algebra over the perfectoid field F((Y,'/?™)) for any o) we set

DY _(p) == A ®a D5 (p) and likewise for DY (p)*™. One easily checks there is a
canonical P-equivariant injection DY (7)* < lim . D%(p)* (see Proposition [3.1.4).

Just as for f = 1 we define X := DY (p)* N T&nqb Da(m)? (see 1} which is an
F[(§ 5)] = F[Y? ™, o]-submodule of D _(p)* preserved by P (Lemma .

Fix an embedding oy : F, < F (the choice of which does not matter) and set
o, :=0g0 ' fori € Z. As in [BHH"25b] we consider the two perfectoid spaces

Zyr = Spa (F((Ti(f”w))vF[[Ti(f”w]]) X Spa(F) " X Spa(F) SPa (F((Tio/”w)),IF[[Tinw]])
f times
Zo, = Spa (IF[[Y;O/P“, S YRRV ,Y;f/ff]]> \V (Yo, Yo, ),

where T,, is the variable of the Lubin-Tate formal group over Ok associated to the
uniformizer p (we use the embedding oy to work with F-coefficients). The perfectoid
space Zpr is quasi-Stein (cf. §, while the perfectoid space Zp, is quasi-compact
(cf. §. Moreover Zyr is endowed with an action of (K*)f x S}, Zo, is endowed
with an action of K* and there is a canonical quasiproétale surjection of perfectoid
spaces m 1 Zyy — Zo, such that m o ((ag,...,ar-1),w) = ([I;a;) o m for a; €
K* and w € Sy. (Here Sy is the permutation group in f variables.) Recall also



that Spa(As, A%) is an affinoid open subspace of Zp, and that Zir = Zo, =
Spa(Ae, A%,) if (and only if) f = 1.

The perfectoid Lubin-Tate (¢,, Of )-module associated to p (and () can be seen
as the space of global sections of a K>-equivariant vector bundle V; on
Spa(F(TY/P™),F[T+?]). We define the following (K*)/ x Sj-equivariant vector
bundle on Zir:

0
F=W ®0,

where V;Ei) = pr;V; for i € {0,..., f — 1} with pr; : Zyr — Spa(F(TX7™),F[T/*™])
the i-th projection. Let G := {(aq,...,a;-1) € (K*)!, [Ta; = 1} xSy, then (m.F5)¢
is a K *-equivariant sheaf of Oz, -modules on Zp, and we have by [BHHT25b), § 2.7]
H°(Spa(As, A%), (m.F5)¢) = D% _(p). We give in Definition a (K*)/ x Sy-
equivariant subquotient F2* of JF such that

1 f-1
VO @0, -+ @0y VY,

H(Spa(Aw, A%,), (moF3)%) = DS (p)™.

The sheaf (m*]-"gs)c is very difficult to study, as the map m is not a G-torsor when
f > 1 (we strongly suspect (m*}"gs)G is not locally free in general). However, if we
replace the 2-dimensional p by a 1-dimensional character x of Gal(K/K), then F,
(defined similarly as F5) is isomorphic to Oy, as a G-equivariant vector bundle, and
one can check that (m,0z )¢ = Oz, (Lemma . Using HO(ZOK,OZOK) =~
F[Y? ™, o] when f > 1 (Proposition [3.3.4] note that this is wrong when f = 1!), one
easily checks in that case H(Zo,, (m.Fy)¢) = X, where X is defined as previously
replacing 7 by a certain principal series (see §. In general H%(Zo,, (m.F3)) is
an F[Y? ™, o]-submodule of DY _(p)* preserved by P. The above case of dimension 1
makes it a natural candidate for the “possible geometric interpretation of X depending
only on p” alluded to above:

Question 1.3 (Question [3.3.11] Question [3.3.12)). Do we have H(Zo,, (m,F5)%) =

X inside DY _(p)*? If so, is this submodule dense in @wD A(m)F = V| p?

A positive answer to Question [1.3| would be enough to imply that = depends only
on p. Unfortunately, despite much effort and energy (including the use of computers),
we are still unable to even decide whether X or H(Zo,, F5°) is zero or nonzero (let
alone if they are equal). Note that Fargues conjectures (in a broader context) that

H(Zo,.,(m.F£)%) # 0, see Remark [3.3.13

Not being successful (so far) with the analog of for K, we tried the analog of
(§[). Indeed, it is not difficult to show that there is an equivariant surjection (up
to twist) DY _(p)™ — 7|p, see § (in particular (58)). But this still does not prove
that 7|p depends only on p. For that we would again need a geometric interpretation
of the surjection DY _(p)* — 7|p depending only on p. We were able to discern a
candidate when f = 2 at least, which we explain now.
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One can rewrite H*(Zo,, (m.F3)%) = H°(G, H°(Zyr, F3')), hence it is natural to
consider the continuous group cohomology HY (G, H(Zyr, F3*)), where H(Zyp, F¥)
is endowed with its natural Fréchet topology. We assume from now on f = 2. In
that case Zp, = Uy U Uy, where Uy, U; are affinoid perfectoid open subsets defined
by Uy = {|Ys,| < |Ys| # 0}, Uy = {|Ys,| < |V, | # 0} (see for a more explicit
description). We have Uy N U; = Spa(Aw, A2,) (see the proof of Lemma [3.3.2)).
Combining the Mayer—Vietoris sequence for the covering Zp, = Uy U U; with the
long exact sequence of continuous group cohomology for H° and H'!, we obtain the
following two exact sequences of P-representations (see and ):

0 — H(Zo,, (m.F3)) — H(Uy, (m.F3)%) & H (U, (m. F3*))

— DS_(p)® -2 HL(G HY (Zip, F2°)) (4)

cts

0— Hgts<G/<p,p_1)Z’ HO(ZLT"F?SS>(P7P71)Z) gt

cts

(G’ H0<ZLT7 *’r%s))

res — SS G

— Hl((pap 1>Z7 HO(ZLT7F5 )) : (5)
By an explicit calculation we first prove (see §:

G
Proposition 1.4. The action of P on Hl((p,p_l)Z,HO(ZLT,}%SS» is smooth.

As we look for a P-smooth quotient of D% (p)™, it is therefore natural to consider
the composition
D (p)* == H,

cts

(G, H(Zix, F2)) == B (p.p )2 H (212, ). (6)

The following is our main result, see Theorem and Corollary [4.3.4}

Theorem 1.5. The image of D?{w (p)*® in the composition @) is an infinite-dimen-
sional smooth representation of P over F which is Y, -divisible for i € {0,1}, in
particular which has unbounded (Yy,,Y,,)-torsion.

We hope that the image of DY _(p)* via @ is isomorphic to 7|p (up to twist),
though we presently do not know how to attack this question. Proposition and
Theorem [1.5]in fact hold for any continuous representation p : Gal(K/K) — GLy(F)
with f = 2 without need of any global context, representation 7 or genericity condi-
tion (other than p > 2). Let us sketch the two main steps in the proof of Theorem [1.5]

The first main step is that the map H°(Us, (m.F2)%) @& HO(Uy, (m F2)C) —
D% _(p)* in (4) cannot be an isomorphism. This is in fact true with F3° replaced
by any nonzero G-equivariant vector bundle on Zyr, see Theorem [£.5.1] The proof
goes as follows. Assuming the above map is an isomorphism, one first proves that
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each HO(U;, (m,F3*)“) is a nonzero closed Ay-submodule of D§_(p)®. For a € Q,
a < 1 sufficiently close to 1 we define V,, := {|Y,,| = |Y5,|* # 0} C Uy and prove
that m~'(V,) — V, is again a G-torsor, so that H(V,, (m,.F2*)¢) is a nonzero locally
free H(V,,, Oy, )-module. Then, taking moreover o~ € Z[1/p|, we prove that the
restriction map H(Uy, (m.F3)%) — H°(Va, (m.F3)%) is both injective and zero,
yielding a contradiction since H°(Up, (m,F3*)%) # 0 under our assumption. The
injectivity essentially comes from the inclusion V, C U, (though we also use the
injection HO(Uy, (m, F3*)C) — H(Uy N Uy, (m F2)Y) = DY (p)*). The fact the
map is 0 is more subtle and comes from the Ay-structure on H%(Uy, (m,F5)“) and

the definition of V,, which force any element of H°(Up, (m.F3*)%) to have image 0 in
HO Vo, (m, F3)9).

The second main step crucially uses the fact that the H°(Zop,, Oz, )-modules
H(Zo,, (m F2)¢) and HA (G (p,p~)%, HY(Zyr, F£)®P D7) are derived complete
with respect to the ideal I = (Y,,,Y,,) of F[Y2 ™, Y2 "] = H(Zo,, O, ), a
property which is well-behaved with respect to exact sequences. Now, assume that the
composition @ is 0, then from (5)) we get an H%(Zo,, Oz, )-linear map Df_(p)* —
HL (G/(p,p~HE, H*(Zyyr, ng)(p’p_l)z). AsY,, (or Y,,) is invertible on the source and
the target is derived complete with respect to I, this map is also 0. Hence by we
have a short exact sequence of H%(Zo,., Oz, )-modules

0 = H*(Zoy, (muF3)%) — H(Us, (m.F3*)%) & H°(Uy, (m.F5")) = DX _(p)™ = 0,

which implies H°(Zo,, (m*f§s)c) # 0 by the first main step. Since Y, is invert-
ible on D§_(p)* and since H°(Zo,, (m.F3)%) is derived complete with respect
to I, this exact sequence splits, i.e., there are HO(Z@K,OZOK)—linear surjections
HO(U;, (m. F)Y) — H(Zo,, (m. F)C) for i = 0,1. Since H*(Zo,, (m,F5)%) is
derived complete these surjections must again be 0, contradiction. Hence the com-
position @ is nonzero. The fact DY _(p)™ is Y,,-divisible for ¢ € {0,1} then implies
Theorem [L5]

As a byproduct of the proof of Theorem we could at least prove (see Corollary
and recall we do not know if H%(Zo,, (m.JF5)¢) is 0 or not):

Corollary 1.6. Assuming f = 2, at least one of the spaces HO(ZOK,(m*}"gS)G),
H(G/(p,p~")?, H(Zyx, ]:gs)(p’pfl)z) is monzero.

Finally, in §§ we check what happens to ()), (5) and the image of (6]
when 7= is replaced by F, for a I-dimensional character x of Gal(K/K) (recall that

(Mo JFy)Y = Oz, )- In that case everything is (so!) much easier: we have an isomor-
phism Hp (G, H(Zir, Fy)) = H'(Zoy, Oz, ) (Proposition in the appendix),
from which we deduce that the P-representation H)(G,H°(Zyr,F,)) is irreducible
smooth, the map & in (4)) is surjective and H} (G/(p, p~")%, HO(Zip, Fy )PP ) = 0
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(Corollary [4.4.3] Proposition [4.4.4). In §[4.6] we then check that the image of (6] is a

codimension one P-equivariant subspace of a principal series, just as expected.
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2 Trying to directly prove the locality of 7

Let 7 be a finite length admissible supersingular representation of GLy(K) over F of
global origin with only supersingular constituents. We explain how difficult it is to
determine the image of 7 in the (¢, Of)-module D4(7) defined in as soon as
f > 2, even when f = 2, though D4 () itself is explicit.

2.1 A strengthening of results of Paskunas

We assume f > 1 and strengthen some of the results of [Pas07].



We consider the following subgroup of GLy(K):

v/
(" K
We shall study the restriction to ¢ of an irreducible admissible supersingular rep-

resentation of GLy(K) over F, generalizing the results of [Pas07] which treat the
restriction to the Borel subgroup B (containing Q).

Ox Ok
pOk (9;((

We let [ := ( ) the Iwahori subgroup, I; := (HPOK Ox ) C I the pro-

pOr 14+pOk
[Fy] 0

p-Iwahori subgroup and H := ( 0 [FX]
q

) which is isomorphic to I/I;. We have the

following decomposition

GLy(K) = QIuQ(94)1. (7)
Using B = QTy, where Tj := ((90;( OOX ), this follows from the more familiar formula
K

GLy(K) = BIUB(94)1.

Let Z; be the center of I; and let my, (resp. my,/z,, my,) be the maximal ideal
of the local Iwasawa algebra F[[] (resp. F[I1/Z:], F[No] = F[Ok]). If 7 is a
smooth representation of GLy(K) over F with a central character, define an increasing
filtration F,m := W[m?jzl] for all n > —1, with the convention that F_ym = {0}. If
v € m, define
deg(v) :=min{n > —1: v € F,n} € Z>_.

Hence deg(v) = —1 if and only if v = 0 and deg(v) = 0 if and only if v € 71\ {0}.

We can also restrict m to Ny := ( 5 Ox ) and define similarly

deg'(v) := min{n > —1: v € w[m}']}.

It is clear that deg(v) > deg’(v) and deg(v) = 0 = deg’(v) = 0.

We fix an embedding oy : F, — F and use F[No] = F[Yy, Y1,...,Ys_1], where
Vi = Y500 with Y5 := 37, J(/\)”((l) [i‘]) for o : F, — F. For k € Zéo we write

f—1 f—1
k| =" ki, YE:=[] vi™ (8)
i=0 i=0

For 0 < j < f—1welet Z; := ¥, cpx ag(/\)_pj(p[l)\] (1)) € my,z, (do not confuse
Zy here with the center of I;!), and let y;, z; € gr(F[[;/Z:1]) denote the reductions
of Y, Z; in degree —1 in the associated graded ring gr(F[/;/Z;]) with respect to
the filtration (m},,; )n>0. Incidentally, we recall that gr(F[/;/Z1]) is the universal
enveloping algebra of an F-Lie algebra with basis y;, z;, h; 1= [y;,2;] (0 < j < f —
1), where h; is central, cf. [BHH'23, § 5.3]. Let .J; denote the (2-sided) ideal of
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gr(F[1;/Z:]) generated by all h;, so that gr(F[1,/Z1])/Jo is a commutative polynomial
algebra in the y;, z; (0 < j < f —1). For later reference we also recall the ideal
J = (hj,y;z; - 0 < j < f—1) of gr(F[11/Z;]) that contains .J, and such that
gr(F[11/Z,])/J is isomorphic to the commutative ring Fly;, z;]/(y;2;:0 < j < f —1).
Note also that gr(F[No]) = Fly;;0 < j < f — 1] with Y; € my, lifting y,.

We let gr(m) denote the graded gr(F[/;/Z;])-module with respect to the filtration
F,m. By one of the main results of [BHH"23|, in a global setting and under some
hypotheses, gr(m) factors as a module over gr(F[I1/Z1])/J = Fly;, 2]/ (y;2;0 < j <
f —1). The following result is the key lemma for Theorem .

Lemma 2.1.1. Let m be a smooth representation of GLao(K) over F with a central
character such that gr(m) is annihilated by the 2-sided ideal Jy. Let v € w\{0} be an

element fized by (p(%K 0). Then there exists k € Z’;O with ||k|| = deg(v) such that
0 +# Yk € 7lt. Moreover, we have
deg(v) = deg'(v).

. . deg(w)+1 deg(w)y .
Proof. For w € m let gr(w) € gr(m) be the image of w in w[m; ", "] /mlmy 77 "] if
w # 0 and gr(w) := 0 if w = 0. The proof is as in [BHH"25b, Prop. 3.5.1]. In
loc. cit. the following fact is proved: if w € 7 is not fixed by I and if gr(w) € gr(m)
is annihilated by all variables z;, then there exists i € {0,...,f — 1} such that
y;gr(w) # 0 in gr(m). (This does not use that gr(m) is annihilated by the ideal J,
only that my ,z is generated by all Y; and Z;.) As a consequence, Y;w # 0 in 7,
gr(Yw) = y; gr(w) in gr(mr) and

deg(Yiw) = deg(w) — 1.

Now for v as in the statement we first show that there exists k € Zéo with || k]| =
deg(v) such that Y*v € 711\ {0}. If v € 7't we are done. Otherwise the assumption on
v implies z; gr(v) = 0 for all j, and as above we get Y;v # 0 and deg(Y;v) = deg(v) —1
for some i € {0,..., f —1}. If Y;u € 7t we are done. Otherwise, as gr(v) is killed by
all z; and gr(F[11/Z1])/Jo is commutative, y; gr(v) is also killed by all z;, hence we
may repeat the same argument replacing v by Y;v. Inductively we obtain k € Zéo such
that Y% € 7/1\{0} and deg(Y%v) = deg(v) — ||k||. Hence deg(v) = ||k||. Moreover
we have deg(v) > deg'(v) > ||k|| = deg(v), where the first inequality is general and
the second holds since Y% # 0. O

Remark 2.1.2. We originally proved Lemma with gr(m) killed by J instead of
just Jy. The fact it holds with Jy was suggested to us by Yitong Wang.

Let IT := (0 1) and for 0 <1 < ¢ — 1 define the following operator

Si= Y X <€ @) =YX @] (1)) 11 € F[Q)].

A€F, AEF,
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Recall that S; is nicely compatible with the H-action:

(5 5)oSi=wa (Sio('S ) VabeF;. (9)

For n > 1 we write (S;)" for S;0---0.5; (n times).

If 7 is a smooth representation of GLy(K) over F and v € /1, the set {Ilv, Sjv :
0 < ¢ < g—1} spans the finite-dimensional GLy(Ok)-representation (GL2(Of) - Iv).
Assuming that v is an [-eigenvector with e1gencharacter X, note that the latter is just
the image of the induced morphism Ind 2(0x) X° = T|GLy(0x), Where FIIv = x* —
7|; (the statement follows from [BP12, Lemma 2.5(ii)]). More precisely, the elements

[, ¢ of [BP12 § 2] are sent to S;v, Ilv, respectively. We observe that if xy # x* then

any proper quotient ) of IndGLQ(OK ) x*® is multiplicity free as an H-representation, so

Q™ is spanned by {S;v, j € T} for some subset T' C {0,...,q — 1}.

Lemma 2.1.3. Keep the above notation. Then the GLa(O)-representation T :=
(GLo(Ok) - Tv) is drreducible if and only if ™ has dimension 1.

Proof. The condition is clearly necessary. Conversely, assume dimp7t = 1. As
(In dGL2 (©) x*)!* has dimension 2, 7 is a proper quotient of IndGL2(OK x5 If x = x°,

the statement follows from [BP12, Lemma 2.6]. If x # x*, then by [BP12, Thm. 2.4]

the cosocle of IndGL2 (©x) x°, hence of 7, is irreducible; we denote it by o. Using

[BP12, Lemma 2.7], we see that the natural morphism 771 — o/t is always surjective,
so that the following sequence

0 —rad(r)* = 7" = o =0

is exact. Since dimp7' = 1 by assumption, we must have rad(7)* = 0, hence
rad(7) =0 and 7 = 0. O

We recall [Hul2, Lemme 2.9]:

Lemma 2.1.4. Let 7 be an irreducible supersingular representation of GLg(K) over
IF with a central character. Then for any v € 7't there exists an integer n > 0 such

that (Sp)"v = 0.

For 0 <r < q—1, we write r = Z] 0 p'r; for its p-adic expansion. If 0 < r, 7’ <
q— 1, we write r < 7’ if r; <r; for all j. We need to introduce the following (subtle)
condition:

(C) 7" does not contain any pair of characters {x1, x2} such that y, = yidet(@ D72,

Condition (C) will be satisfied in most applications.
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Lemma 2.1.5. Let m be an irreducible admissible supersingular representation of
GLy(K) over F satisfying (C). Let v,v' € w*\{0} on which I acts via characters
X, X respectively. Assume x # x'. Then there exist k > 1 and a sequence of integers
i1,...,9 € {0,1,...,q — 1} such that precisely one of the vectors (S;, o---0.S;)(v),
(S, 0---085;,) (V) is nonzero.

Proof. First note that if there exists i € {0,...,¢— 1} such that S;v = 0 but S;v’ # 0
(resp. S;v # 0 but S;v" = 0), then we are done. Thus we can assume

V0<i<g—1 Sw=0<+= S =0. (10)

Note also that S;v € 7!t if and only if Syv = 0 for any i’ < i, i’ # 4; this follows from
the explicit formula for S; (where p € FX):

(6 1)sw =3 (Z) WS,

i<

Step 1. By Lemma [2.1.4] there exists n > 0 such that (Sp)"*'v = 0 and
(Sp)"™v" = 0. Choosing m to be the smallest non-negative integer such
that (Sp)"™v = 0 or (Sp)"*v' = 0, and replacing v by (Sp)"v and v’ by (Sp)"v’, we
may assume Sov = 0 or Spv’ = 0. By we have Syv = Spv’ = 0.

Step 2. We choose 0 < i; < ¢ — 1 such that S;,v € 7/t and (GLy(Of) - S, v)
is an irreducible representation of GL2(Of): this is possible by [Pas07, Lemma 4.1].
By and the comment that follows we also have S; v € 7*\{0}. Replacing v
(resp. v') by S;,v (resp. S;,v'), we may assume (GLy(Ok) - v) irreducible. If Syv # 0
then it again generates an irreducible representation of GL2(Of) by [BP12, Lemma
2.6], [BP12, Lemma 2.7]. Replacing v, v" by (Sp)"v, (Sp)"v" respectively (as in Step
1), we can furthermore assume Sov = Spv’ = 0.

Step 3. We prove that x # x® and x’ # x’°. Assume by contradiction y = x*.
Since Spv = 0, [BP12, Lemma 2.6] implies S;v = 0 except for i = ¢ — 1. By (L0]), we
also have S;v" = 0 except for i = ¢ — 1, which implies x' = x’* (using [BP12, Lemma
2.7]). Using condition (C) and the fact m has a central character, we get x = ¥/,
contradiction.

Step 4. Let r € {1,...,q— 2} be the unique integer such that X(( [g} [a}ofl )) =a"

for a € Fy. Let 7 := (GLy(Ok) - llv) # 0. Since Sopv = 0, [BP12, Lemma 2.7(i)]
implies 0 # S,v € Fllv C 71t C w1, Hence I1(S,v) € Fv\{0} as 7 has a central
character. Since we have (GLy(Ok) - v) irreducible by Step 2, (GLy(Ok) - I1(S,v)) is
irreducible. By and the comment that follows we also have S,v’" € 71\{0}.

Step 5. Set vy := S,v, v} ;= S,v" in 71\ {0}, and let x1, ¥} be the corresponding
characters of H. Then x; # x| by (9)), as x # x’. By Step 4, 71 := (GLy(Ok) - Ilvy) is
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an irreducible representation of GL2(Ok) (and hence is the cosocle of Ind?LQ(OK ) X35),

in particular 7{* is 1-dimensional. Thus the set {j : S;u; # 0} has a unique minimal
element with respect to <. Assuming for v; and v} (otherwise we are done), we
see from [BP12, Lemma 2.7] together with and the comment that follows that
dimg 7" = 1, where 7/ := (GLy(Ok) - TIv}). Hence 7/ is irreducible by Lemma [2.1.3|
Using [BP12, Lemma 2.7] and again we see that 7 and 7] are isomorphic up
to twist; indeed the set {j : Sju; # 0} determines 7, up to twist. Using condition
(C) (and the fact m has a central character) it is easy to check that all this implies
X1 = X, contradiction. This finishes the proof. m

Since |H| is prime to p, for any v € 7 we can write

v="Y_ v, (11)

y:H—Fx

where the sum runs over all characters x : H — F* and H acts on v, via x. Such an
expression is unique, and v, € 7't if v € 71, Define the length of v € 7 as

((v) :== [{x : vy # 0}| € Z>o.

Note that ¢(v) = 0 if and only if v = 0 and ¢(v) = 1 if and only if v is a nonzero
eigenvector of H.

The following result is a strengthening of [Pas07, Thm. 4.3] for certain supersin-
gular representations of GLy (k).

Theorem 2.1.6. Let m be an irreducible admissible supersingular representation of
GLy(K) over F satisfying (C) and such that gr(m) is annihilated by the ideal Jy, then
7| is irreducible.

Proof. We modify the proof of [Pag07, Thm. 4.3]. Let w € w\{0}. Since 7 is smooth,
there exists an integer n > 0 such that w is fixed by <pn+%OK ?) Write t := (18 ?)

Using the equality
1 0 1 0

we see that t"w is fixed by (péK ?) Thus by Lemma [2.1.1] and the assumption on

gr(m), we obtain a nonzero element v € (@ - w) N 7', Since the maps w + tw and
w +— Y;w send H-eigenvectors to H-eigenvectors (maybe zero), we have (v) < {(w).

Next we show that there exists a nonzero element in (Q - w) N 7" which is an H-
eigenvector. Writing v = 3, v, as in , it follows that v, € 7*. If v, = 0 except
for one x, we are done. Otherwise, there exist x; # x2 such that v,, # 0 and v,, # 0.
By Lemma there exists a sequence of integers iy, ...,i; € {0,1,...,¢ — 1} such
that either (S;, 0---0S;,)vy, = 0or (S;, 0--05;)vy, = 0 (but not both). In particular
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(S 0+ 08 )v is nonzero and has length strictly less than ¢(v) (recall (9))). Applying
the argument in the first paragraph of this proof to (S;, o---0S;,)v € (@ - w) instead
of w (note that (S;, o---0.S5;,)v need not be fixed by ;) and noting that the length
can only decrease, we finally obtain after finitely many iterations

040 €(Q-v)ynah C(Q -w)ynnah

with ¢(v') = 1, equivalently v' is an H-eigenvector. By Lemma (and again (J9)),
replacing v" by (Sp)"v" for a suitable n > 0 we can moreover assume that v’ €
(Q-v)yNnah C{(Q-w)Nna is a nonzero eigenvector of H such that Syv’ = 0.

By [Pas07, Lemma 3.4] we have

(o) = -2 (707 )
-y (75 %:i]) <_[é_1] &) v (13)

Since v’ is an H-eigenvector, we deduce ((1) (1))1)’ € (@ -v'). Since 7 is an irreducible
GLo(K)-representation and I acts on v’ via a character, we obtain using (7)):

m = (GLy(K) - v) = (Q ') C(Q - w).
Hence m = (@ - w) for any nonzero w € 7 and so 7| is irreducible. O

Remark 2.1.7.

(i) Since any irreducible admissible representation of GLy(K') over F has a central

character, we can even replace () by (1’02 ff ) in Theorem [2.1.6

(i) It is likely that the statement of Theorem does not hold without assuming
(C). But if one replaces @ by the larger subgroup QH (or by (pZ%F; ] Il( ) in
view of (i)) then one can prove the statement holds without assuming that
satisfies (C). The proof is similar but much simpler as we do not need Lemma
2.1.5| anymore and can directly use the H-action to get an H-eigenvector in

(QH -w) Nl

We also have the following partial strengthening of [Pas07, Thm. 4.4].

Theorem 2.1.8. Let m and 7" be smooth representations of GLy(K) over F admitting
a central character. Assume

(i) 7 is irreducible admissible supersingular;
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(ii) both gr(m) and gr(n') are annihilated by the ideal Jy.

Then the restriction map induces an isomorphism

Homgr, k) (7, 7") — Homgp (7, 7).

Proof. We follow the proof of |[Pas07, Thm. 4.4]. Clearly the restriction map is
injective. We need to show that any f € Homggy(m, 7’) is automatically GLo(K)-
equivariant. We may assume f is nonzero, so f is injective since 7|gg is irreducible
by Remark (ii) with assumption As a consequence, we deduce the following
fact: if v € 7\{0}, then f(v) € #’\{0} and f induces an Ny-equivariant isomorphism
(No-v) = (No- f(v)). This implies in particular

deg'(v) = deg/(f(v)). (14)

Choose v € 711\ {0}. A priori, f(v) need not be fixed by (péK ?) But since 7’ is
smooth, there exists an integer n > 1 such that f(v) is fixed by <pn+}OK ?) As in the
proof of Theorem [2.1.6] we know that ¢" f(v) is fixed by ( WO (1)) (and t"v is also fixed

by (péK (f) by (12) since v € 71). Thus by Lemma [2.1.1| (which uses assumption

(i1)]), we have

deg(t"v) = deg'(t"v) = deg/(t" f(v)) = deg(t" f(v)), (15)

where the middle equality holds by (14)). Moreover, still by Lemma there exists
ke Z’;O such that ||k|| = deg(t"v) and Y*t"v € 7/1\{0}. Then we have

deg(YEE" f(v)) < deg(t" f(v) — |Ik| @,

where the first inequality is a (trivial) general fact and the second follows from .
Since Y& f(v) # 0 as Y50 # 0 and f is injective, we deduce deg(YEt" f(v)) = 0
hence Y5¢" f(v) € (7')". Now we put

v o= Kﬁt"v,

so that o' € 7#\{0} and f(v') € (#/)*\{0}. Using Lemma (applied to v')
together with the injectivity and Q-equivariance of f, we can replace v’ by (Sp)"v’
for a suitable integer n > 0 and assume moreover Spv’ = 0 and Sy f(v') = 0. Using
GLy(K)=QHL U QH(? 5)[1 with formula and the Q H-equivariance of f, we
can then conclude as in the end of the proof of [Pas07, Thm. 4.4]. O

Remark 2.1.9. Theorem is wrong with () instead of QH, even assuming that
7 and 7’ satisfy (C). Indeed consider § : K* — F* such that 0(p%(1 + pOx)) = 1
and 0(r) = 7" for x € [F] and r € {1,...,q —2}. Then for any m we have 7|q =
(m ® (6 odet))|g but 7 and ™ ® (0 o det) are not isomorphic as () H-representations
(assuming 7 satisfies (C) if r = (¢ — 1)/2).
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2.2 The mysterious compact module D 4()"
For a smooth representation m of GLo(K) that is contained in category C of [BHH™25a,
§ 3.1.2] we study the relations between 7 and the image of 7 in D4(m).

Let 7 be an admissible smooth representation of GLy(K') over F on which Z; acts
trivially. We define as in ({3

Dy(m) = AQgpngp ("),

where 7V carries its my, /7 -adic filtration. We will assume from now on that 7 lies
in category C defined in [BHH"25a, § 3.1.2]', which we recall means that gr(D4(r))
is a finitely generated gr(A)-module. Note that if some power of J kills gr(Da(m)),
then 7 € C, and if 7 € C, then D4(r) is a finite free A-module.

As 7 € C, we have that D(m) is a (possibly 0) finite free (¢, O )-module over A
endowed with a continuous surjection

W Da(m) = Dy(m)

commuting with Oy and such that ¢ (p(a)d) = ay(d) for all (a,d) € A x D4(m) (see
[BHI*254, Rk. 3.26)).

Recall that the (v, O%)-module D(7) has a maximal étale quotient D ()%,
which is also a finite free A-module. It has the property that there is a canonical

continuous g-semilinear ¢ : D4 (m)¢ — D4 ()¢ that commutes with the action of
O and such that ¥ (ap(d)) = (a)d for all a € A, d € Da(m) [BHH 25a, § 3.1.3].

Remark 2.2.1. We choose to define the action of F[Ng] on 7V and hence D () by
Af = fofor A€ F[Ny], cf. [BHEF254, Rk. 3.22].

We define the subgroup (called mirabolic)
P:= (K7 K) C GLy(K).
For a (¢, Of)-module D over F[Ny], as in [Coll0bl Prop. III.1.1] we endow

I&HD = {(dn)n207 dn S D, ¢(dn) = dn—l for n 2 1}
(4

"'We remark that the definition in [BHHT25a, § 3.1.2] is slightly incorrect, since there it was
assumed that objects admit a central character, and this condition is not stable under direct sums.
We thank Changjiang Du for pointing this out.
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with a left P-action as follows, where a € Of and b € K:

(59) : (doydr,...) > (di,d,.. ),

(779) : (doudr,...) = ($(do).do, b, ... ),
(S(f):(dOydla )= (a(do), a(dy), .. .),

(8%) « (dosdy, )= ((5%)do, (37 )da, (§77)da, ).

We are abusing notation in the last row: we have p"b € Ok and so (1 P b) € F[Vy] €
A for large n only, but by cofinality we can ignore the first n coordinates. It is easy
to check that this is well-defined.

From the definition of D4(7) we have a canonical continuous morphism of F[/Vy]-
modules 7V — D4 () which commutes with ¢ and O} and whose image generates
D 4(m) as A-module (the Ny-action on 7" differs from the usual one by the automor-

phism (é ﬁ’) > (0 | ) cf. Remark [2.2.1 and the reference there). Here a € Of acts
on7"as f+ fo ( 011> and ¢ on V¥ is f+— fo ( ) We define

Da(m)" == 1im(7¥ — D4(n)), (16)

which is a compact (even profinite) linear topological F[Ny]-submodule of D ()
preserved by ¢ and O}. Moreover 1 : D ()% — D 4(m)" is again surjective as follows
from the bijectivity of ¢ on V.

Proposition 2.2.2. Let m be an admissible smooth representation of GLy(K) over F
in the category C. Then the surjection 7" — Da(m)* induces a canonical continuous
P-equivariant surjection

71'\/ - 1'&11D,4(7T>u
(U

for the projective limit topology on the right hand side (where the P-action on m"
differs from the usual one by the automorphism (‘8 ?f) — (g jy), cf. Remark|2.2.1).

Proof. The case f =1 is due to Colmez [Coll10a]. The proof for f > 1 is essentially
the same, but we give the details. As 7" and D, (7) are both linearly compact F[Ny]-
modules, the surjection 7 — D 4(7)" induces a surjection 1'£1w T l'glw D4 (7)" by
Mittag-Leffler for linearly compact modules ([Jen72, Thm. 7.1], applied over the ring
F here). As ¥ = 1&11& 7 (since (g (1)) is bijective on m) we deduce a surjection
T - Jim . Dy(m)®. Tts P-equivariance is formal (alternatively, it follows from the
definitions). O
Remark 2.2.3. We could alternatively consider D4(m)®% := im(7Y — D4(m)%).
However, in the cases of global interest we have D4(m) = Da(m)%, and moreover the
natural map lim . Dy ()" — Jim . D 4 ()" is always an isomorphism, as 1 is nilpotent
on ker(D4(m) — Da(7)%) (see [BHH25a, § 3.1.2] and [BHH*25al Rk. 3.26]).
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The map in Proposition [2.2.2] is not injective for principal series, see § [2.4 below.
However it is so in the supersingular case.

Corollary 2.2.4. Let w be an admissible smooth representation of GLy(K) over F in
the category C. Assume that m has finite length and that all its irreducible constituents
7' are supersingular with Ds(n') # 0. Then the surjection 7 — D4 (7)? induces a
canonical continuous P-equivariant isomorphism

T = l'&lDA(W)h.
(4

Proof. By Proposition [2.2.2] it is enough to prove that the composition
TV - @w Dy(7)% — @w D 4(7) is injective. By dévissage using the exactness of
7' = lim y D4 (n") for ' in C (which follows from the exactness of 7’ — Dy4(7’) in

[BHH™25al, Prop. 3.12] and the surjectivity of ¢ on D(7’)), we can assume that 7 is
(irreducible) supersingular. The case f = 1 can be deduced from [Viel2, Thm. 4.2].
By [Pas07, Thm. 1.1(i)] (and the fact 7w has a central character), m|p is an irreducible
smooth representation of P over F. As D4(m) # 0, the map 7V — D4(7) is nonzero
(since it is nonzero on graded modules or since the A-submodule generated by the
image equals D 4(); note that A is a Zariski ring as in [LvO96, § I1.2] and it suffices to
check this on graded modules). Hence also the (continuous) map 7" — lim Dy (m) is

nonzero. Since m ” D 4(m) is Hausdorff (for the projective limit topology), its kernel
is a proper closed P-invariant subspace of 7V, hence must be 0. O

Corollary 2.2.5. Let m be an irreducible admissible supersingular representation of
GL2(K) over F. Assume that gr(r) is killed by the ideal J (§[2.1]) (hence m is in C)
and that 7 satisfies condition (C) 0f§. Then D ()% does not contain any proper
nonzero closed F[No]-submodule preserved by 1 on which v is surjective.

Proof. This follows from Theorem with Remark [2.1.7((i) since such a submodule
would give a proper nonzero subrepresentation of 7| ( ) by Corollary [2.2.4] [

r K
0 1

Remark 2.2.6.

(i) We remark that in general, unlike f = 1 [Coll0Ob, Cor. I1.5.12], D4(nx)" is
not unique as minimal nonzero closed F[Ny]-submodule of D4(w) which is
Oj-stable and on which 1 is surjective. To see this we can take f = 2 and
take p; % P, both irreducible and sufficiently generic such that D% (p,(1)) =
D% (py(1)) as (p, OF)-modules over A, see [BHH25b, Rk. 2.8.5(ii)]. In a suit-
able global context for ¢ = 1, 2 let 7; be an automorphic globalization of p; satis-
fying the assumptions of [BHH"25b, Thm. 1.2], so that D4(7(7;)) = DS (p;(1))
and 7(7;) is irreducible and supersingular [BHHT25a, Thm. 3.105(i)]. If we
had Da(7(71))% & Da(n(T2))* as (¥, OF)-modules over F[Ny], then we would
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deduce that 7(71) = 7(T2) as GLo(K)-representations by Corollary and
[Pas07, Thm. 4.4]. This implies that p;, = p, (the determinant of p; is deter-
mined by the central character of 7(7;) and the restriction to inertia by the
GL2(Ok)-socle), contradiction.

(ii) Even if p is irreducible the (¢, Ok )-module D4(7) may be reducible, where
m = w(T) and T a suitable globalization of p. For example, when f = 3 using
[BHHF25b, Thm. 1.2] one can find examples such that D4(7) = D'V & D is

a direct sum of two nonzero (o, O%)-modules over A. We remark that D 4(m)"
cannot be of the form DS)’h @Di‘z)’h where 1) is surjective on each DS) e DX)),
as this would contradict Corollary . (Note that DX)’h # 0 for all i, as D (7"

generates D () as A-module.)

Corollary is quite a strong “irreducibility” statement for D ()% as we do
not even need the action of Ok. Note that we have an analogous statement without
assuming (C) if we require that the F[Ny]-submodule preserved by # is also preserved

by [FX] (see Remark (11))

Now let 7 be a subquotient of 7(7) with 7 a global Galois representation such that
its restriction 7, to a decomposition group at a fixed place v|p is sufficiently generic
(see § [1] for 7 and 7 (7); recall 7(F) has finite length by [BHH'a, Thm. 1.1.1]). From
[BHH™23], [Wan23|, [Wanc, Thm. 1.2], and [BHH™b, Cor. 1.1.3] we know that gr(m)
is killed by the ideal J (§ and that all its constituents 7’ satisfy D(7’) # 0. From
the proof of [BHH &, Lemma 3.2.6] (when 7, is split reducible, the case 7, irreducible
was known earlier) and [BHHTh, Thm. 1.1.2(i)] (when 7, is nonsplit reducible) we
also know that in most cases 7 satisfies condition (C) in § 2.1] (for instance when f = 2
and 7, is reducible we need to avoid a few cases like when the restriction to inertia
of the semisimplification of 7, is wéqfl)/ ®1 up to twist). If 7 only has supersingular
constituents (which only means that one has to “avoid” the two principal series in

7(7) when T, is reducible, see [BHH a]), we can apply Corollary to m, and if 7
is moreover irreducible, D 4 ()" satisfies the conclusion of Corollary

By [BHHT25b] and [Wana] we have D4 (7 (7)) = D% (7,(1)). Let 7 be the maximal
subquotient of m(7) with only supersingular constituents. If 7, is irreducible we have
7 = 7(T) and hence Da(7) = D% (7,(1)). If 7, is reducible, writing 7, (1) = (’8 XZ)
we have

D) = (DF0x) — DEE)* — D) ). a7)

where the superscript “ss” is for “supersingular”. If 7, is irreducible we also write
D% (7,(1))* = D%(7,(1)). From the exactness of ©’ — D4(7’) (see [BHHT25a,
Prop. 3.12]) and the calculations in [BHH"25b] and [Wanal, we deduce

Da(m) = DE(7u(1))™ (18)
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which has rank 2/ over A in the irreducible case and rank 2/ — 2 in the reducible
case (see § below for an explicit description of D% (7,(1))* in the reducible case
when f = 2 and note we have in particular D4 (7) = D4(m)®). Thus D4(7) is not a
mystery but we need to understand D4 (7). This question is crucial:

Corollary 2.2.7. Let m be the maximal subquotient of w(T) with only supersingu-
lar constituents. If the GLo(K)-representation w is local, then D4 (m)* is local as a
(¢, [F])-module over F[Ny]. The converse holds if w is irreducible.

We recall that “local” means “depending only on 7, and not on the global context”.
Also, by a (¢, [F])-module over F[No] we mean any F[Ny]-module D endowed with
an additive map ¢ : D — D such that ¢(¢(a)d) = ap(d) ¥ (a,d) € F[Ny] x D and a
semilinear action of [Fy] that commutes with 1. We note that 7 is indeed irreducible
in the important special cases where either 7, is irreducible or when f = 2.

Proof. The direction = is obvious. The direction < follows from Corollary [2.2.4 with
Theorem [2.1.8] (since we assume that 7 is irreducible). O

Remark 2.2.8. When 7, is semisimple, the locality of 7= implies the one of (7).
When 7, is non-semisimple, there is also the problem of the nonsplit extensions be-
tween 7 and the two principal series in 7(7). Since for principal series the map in
Proposition is not injective (see Lemma , and since we cannot prove the
locality of m anyway, we do not address this case in this text.

Unfortunately, even in the simplest case f = 2 and 7, reducible (where 7 is
irreducible, see [BHH'25a, Thm. 3.105]), it seems impossible to describe explicitly
the F[Noy]-submodule D ()" inside D% (7,(1))%. We explain this next.

2.3 Trying to describe the -module D,(7)" “by hand”

We explain how difficult it is to explicitly describe the ¥-module D 4(r)".

When f = 1, we have F[Ny] = F[X], A = F(X)), and the compact F[X]-
submodules of a finite-dimensional F((X))-vector space are just the finitely generated
F[X]-submodules (an easy exercise). However, as soon as f > 1, this completely
breaks down (one trivial example for f = 2: F[Yq, %2]] is a compact F[Yp, Yi]-
submodule of A which is not finitely generated).

Unfortunately this also happens for the F[Ny]-submodules D4 (7) of Corollary

2.2.4] We let P+ := (OKé{O} OIK), which is a submonoid of P = (I%X If)

Proposition 2.3.1. Assume f > 1 and let m be an irreducible admissible supersin-
gular representation of GLy(K) over F which is in the category C (§[2.3) and such
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that DA(7) # 0. Then the compact F[No]-submodule DA(7)% of Da(7) is not finitely
generated over F[Ng].

Proof. (See also [BHH™25a, Rk. 3.21].) Since 7 has a central character, twisting by
an unramified character (and enlarging F) if necessary we can assume that (8 2) acts
trivially on 7 (this enables us to apply results of [Pas07]). Let us first prove that
any nonzero vector subspace V of m preserved by P* contains a Serre weight (i.e., an
irreducible GLy(Of )-subrepresentation of 7). Let v € V' be nonzero. As GLy(K) acts

smoothly, there exists an integer n > 0 such that v is fixed by ( l;ffﬁé?{’f li;:i?gl( ) SO

that t"v is fixed by H,, = (HZZLOK ﬁ;:j%;). The decomposition I, = (I; N B)H,
shows that F[[;]t"v = F[[, N B]t"v C V. Therefore 0 # (F[,]t"v)* C V nrl. We
may therefore assume v € (V N 7't)\ {0}. By Lemma we can replace v by
(So)™v € V for some m > 0 to guarantee that v € (V N x')\ {0} and Spv = 0.

Hence we can apply [Pas07, Lemma 3.4] which implies (? é)v € (P -v), and thus

(GLy(Ok) - vy C(PT -v) CV (using GLy(Ok) C PT1I; U P*((l’ é)]l). This proves
the statement.

Now let V be the continuous dual of D(7)* (under the discrete-compact duality),
which is a nonzero vector subspace of 7 preserved by P*, and let o be a Serre weight
such that (Pt -o) C V. Note that (P* - o) is denoted I (o, 7) in [Hul2, § 3.1.1]
(and does not depend on ¢ by [Hul2, Cor. 3.17]). If D ()" is finitely generated over
F[No], then V™0 and hence I (o, 7)™, are finite-dimensional over F. But by [Sch15),
Cor. 2.10] this contradicts [Schib, Thm. 2.24] (when f = 2) and [Wu2ll, Thm. 1.1]
(when f > 2). O

Remark 2.3.2. If 7 is (a constituent of) a principal series of GLy(K') over F, then
D 4(m)? is finitely generated over F[Ny]. See Lemma below.

Let us spend some time on the simplest example:

h
f=2 and 7, = (%2 T) Qw1 (19)

where h = hg + phy with 0 < h; < p—1 and (ho, k1) ¢ {(0,0),(p — 1,p — 1)}, and
where wy : Gal(Q,/K) — F is Serre’s niveau 2 fundamental character that we take
F-valued via the fixed embedding o¢ : F; — F (see §

By (17) D%(7,(1)) has the form D% (wh) — DF(7,(1))* — DF(1). Using
[BHH™25b, Lemma 2.2.2] and [BHHT25bl (51)] we can check that

e) = e

w(
D% Ty 1))* = AeOGBAel with Yy h . Yo h 20
(7(1)) {w(el) = (22 = () (20)
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and [Fy] acting trivially on ey, e; (we won’t need the full Ox-action and recall that
the F-algebra homomorphism ¢ : A — A satisfies p(Y;) = Y”,.) From [BHH"a,
Thm. 1.1.1] 7(7) has the form

P81 —_— T — PSQ, (21)

where PS; are two principal series and 7 is irreducible supersingular with gr(r) killed
by the ideal J (§ 2.1). By [BHHT25b, Thm. 3.1.3] and [Wana, Thm. 1.1], at least
under genericity assumptions on the integers hg, h; (which must be “far” from 0
and p — 1, see loc. cit. for details), we have that m satisfies condition (C) in § [2.]]
and that Da(n(7)) = D%(T,(1)) with D4(PSy) = DS (wh), Da(PS;) = D%(1) (see
Lemma below for D 4(principal series)) and Da(7) = DG (7,(1))%, cf. (18). We

are interested in D (7)".

It is convenient to make the following base change in D4 (7):

fo = Y
0 _ y{}h 0> (22)
i o= Y1+h161

Then [F;] acts on each f; by a (non-trivial) character and a computation yields

e(fo) = Wfl;
{wl) — o %)

Yp 1— hOY

In particular, using that ¥ (ap(x)) = ¥(a)x for a € A, © € Da(m), we have

v(fo) = PO YA, (24)
(fr) = PO f.

We will use the following lemma (available for any f > 1).

Lemma 2.3.3. Leta € A andn > 1. Then inside A we have

YU(F[NoJa) = Y. F[NoJay, (25)

EE{O 7777 pn_l}f

where a € A are the unique elements such that

a= Y ¢"(a)Yh

EE{O 7777 pnil}f

Proof. We take n = 1, the general case following by induction. For f € F[Ny] we
have

= > (fYE)ay. (26)
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From the definitions we have ¥(F[Ny]) € F[No], hence from (26) we deduce that
“C” holds in . For the other inclusion “2”, note from that

= Zak/\k€7

all k € Zzo we have

Y(YF) € F[No]* = ke {0p—1}, (27)

LABRPATES

mod mNO)

To prove , note that the cases where k = 0 or k; > p for some j are trivial.
We may thus suppose that 0 < &k < p—1 and k # 0. We only give the proof for
f = 2, the interested reader can work out the general case. Write k = (i,7). If
(1,7) ¢ {(0,0),(p — 1,p — 1)}, we may and will assume i > 0. Then we have

Vi = X AT AT gt (3 D),

)\s,ﬂs E]F;

so by definition of 1,

i/ J — — 1 :
P(Y5Y?) = > ATt AT P ..Mjp((l) p([AlHl +[uﬂ)>
As,HSG]F;

DAty ps=0
= > At AT P g (mod myy).

As sHs GF;

Z As‘i’z MSZO

Write Ay = M, and p, = Aifs, with ag, s € FX (so a; = 1). The above sum
becomes

_ - -1 10— -
= Z )\11 mO‘2 CQ; ﬁlp“‘ﬁjp (mod myg,),
)\1,0és,ﬁs€]F;<,Ocl:1

Zas+z 63:0
which is 0 (mod my,) by summing first over A\, as 0 < i+ pj < g — 1 by assumption.

It remains to prove that ) (Y?'YP ™) ¢ my,. Recall the elements Ty, T} and Z,, Z,
of F[No] from [BHH"25b, § 3.3] (each of those pairs generate my,). By definition,
Y, = Z; (mod my,), so YP VP = Z5 120 (mod m¥ ). As (YY) € my, for
each i, we deduce that (m>>~ 1) C my,, SO

YYPTIYPY = (20T 207 (mod my,). (28)
From the definitions, Zy = o1y + ST, Z1 = Ty + 6Ty, with (: ?) € GLy(F), and
Y(TIT) = (—1)"* for 0 < i,j < p—1. Therefore (Z5 ' 207" = Cp(TP 1P = C
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(mod my, ), where C' € F is the coefficient of T¢ TP in (aTy+BT1 )P~ (vTo+0T1 )P,
and by it suffices to show that C' # 0. A short computation shows that C' =
(a6 — By £ 0, =

In particular if f =2 and 0 < kg, k; < p — 1, we have by Lemma that

Y(F[No] Y Vi) = F[No]. (29)

By and we see that (YEf) = ¢(ZE+EU))f1_i for i = 0,1, where (@ =
(p—1—ho, hy) and £V = (hg,p— 1 — hy). Using moreover and , we see that
F[No] fo @ F[No] fi € Da(w) is a compact F[No]-submodule preserved by (1, [F;])
such that 1 is surjective. However, it is finitely generated over F[Ny], and hence
cannot be D 4(m)? by Proposition One can also argue that it is not stable by

One could then consider the closure in D4(7w) of the F[Ny]-submodule (O -
(F[No] fo © F[No] f1)), which we denote by M.

Lemma 2.3.4. The closure M of the F[Ny]-submodule (O - (F[No] fo ® F[No] f1))
of Da(7) is compact.

Proof. Define the subring B := F[No][YZY; ', Y'Yy '] = F[Yo, Ya, YOV 1, YPY, Y] of
A, which is compact, local, and ¢-stable. It suffices to show that Oy - f; C Bf; for
i=0,1.

We cl_aim that f,; € 1+ mp for a € O and i = 0,1, where we recall that
fai = TH € 1+ Fi_,A [BHHF25D, (21)]. From the definitions, a(Y;) — @'V, is
contained in the kernel of F[Ny] — F[Ny/N§], which is the ideal (Y, YY) [BHH 254,

Lemma 3.37(i)]. Hence ;Syyz €14 (v, Ygi)F[[Ng]] C 1+ mgp, proving the claim.

From Lemma 2.2.2 and [BHH*25b| (51)] we know a(e;) = ¢'(fa;)"1=#/(1~De, for
a € Of and i = 0,1. It follows that a(f;) € FfZ,f2"(fai)"'=?/0=9 f; which is
contained in Bf; by the claim, as desired. O

As moreover ¢ commutes with O} we see that M is a compact F[Ny]-submodule
of Da(m) that is preserved by (1, Ox) and on which ¢ is still surjective. More-
over, it is likely that M is not finitely generated over F[Ny]. For some time, we
thought that M was a good candidate for D4 ()% However, it properly contains the
y-submodule F[Ny] fo @ F[No] f1, and hence cannot be D ()" by Corollary (as-
suming 7 satisfies condition (C)). In fact we have the following result which strength-
ens loc. cit. in this case:

Lemma 2.3.5. The v-module DA(7)% does not contain any proper nonzero closed
F[No]-submodule preserved by 1.
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The point is that we can drop the surjectivity assumption for ¢ in Corollary [2.2.5]

Proof. Let M be an F[Ny]-submodule as in the statement of the lemma, and define
My = Mo ¥"(M). This is also a compact proper F[Ng]-submodule of D(r)*
which is preserved by ).

Let us first prove M., # 0. We assume M., = 0 and seek a contradiction. Then
we claim that for any C' > 0 we have ¢"(M) C F_cD4(m) for n > 0. Indeed, if there
is a sequence z,, € Y" (M)\F_cDa(m) with n,+1 > n.,, we can extract a converging
subsequence as M is compact in the ultrametric (hence metric) space D4(m). Then
its limit . satisfies 2o, € Da(m)\F_cDa(m) (as the latter in closed in Da(m))
hence x,, # 0. But we also have x,, € M., which contradicts M., = 0. Now let
0#£v€EMC Afy® Afy, then for any C' > 0 we have ¥*"(v) € (F_cA)fo® (F_cA)fi
for n > 0, using that the filtration on D4(7) is good ([LvO96l Def. 1.5.1]). Writing
v = agfo + a1 f1 with a; € A, by an iteration using we can express f; in terms of
©*(f;) for i = 0,1. This enables us to compute ¥*"(F[Ny]v), and an easy calculation
shows that 2" (F[NoJa,YE") C F_c A, ie., > (F[No]a;) C F_cypA for all i € {0,1}
and n > 0. By Lemma [2.3.6 below this implies a; = 0 hence v = 0, contradiction.
Thus M., # 0.

Now let us prove that ¢ is surjective on M. Let 0 # v € M., and for any n > 0
let M, :={z € " (M) : ¢¥(x) = v}. Then the M, are nonempty closed subsets of M
such that M,y © M,. If N,>o M, = (), then as M is compact we have a finite number
of M, such that N,, M,, = (), which is impossible. So M, is a nonzero compact proper
F[No]-submodule of D4(7) preserved by ¢ on which 1) is surjective. This contradicts
Corollary and finishes the proof. O

Lemma 2.3.6. Let a € A and assume there is C' > 1 such that for all n > 0 we
have ™ (F[NoJa) C F_cA. Then a = 0.

Proof. Let n > 0 such that ¥ (F[NgJa) € F_cA and write as in Lemma m
a4 = Ykefo,.qn—1}f ©™ (a)YE. Then loc. cit. and the assumption imply a;, € F_cA

for all k, hence o™ (ag) € F_gncA, hence a € F_jncA. Since this holds for all n. > 0
and the filtration on A is separated, we deduce a = 0. O

Remark 2.3.7. It is likely that Lemma [2.3.5] extends to more general cases.

Lemma has the following consequence, which implies that it is not straight-
forward to find explicit elements in D4 (7)%:

Lemma 2.3.8. Let S be the multiplicative subset of F[No] generated by Yy, Y1, then

Da(m)" N (F[No]seo ® F[No]se1) = 0.
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Proof. Assume that the intersection in the statement is nonzero and set
M = Du(m)* N (F[No] fo ® F[No] f1).

Then M is also nonzero: take any nonzero element in D ()N (F[No] seo @F[No]se1),
multiply it by suitable powers of Y, and Y; and use . Thus M is a proper
nonzero closed F[N]-submodule of D4 (7)? preserved by ¢ (we cannot have D 4(m)* C

F[No] fo ® F[No] f1 by Proposition [2.3.1]). By Lemma it cannot exist. O

To this day, we have no explicit description of the F[Ny]-submodule D4(7)f in
Da(m), though Da(r) itself is very simple (20). In particular we do not know if
Dy(m)* is local as a (1), [F])-module over F[Ny] (see Corollary [2.2.7)).

2.4 The map 7"/ — lgnw D4(m)% is not always injective

We take a small digression in our quest for the “Locality” by proving that the surjec-
tion 7 — @w D 4(m)f in Proposition [2.2.2] is not injective for principal series. We

again suppose that f is arbitrary.

We denote by T the torus of diagonal matrices in GLg(K'). Recall from [BHHT25al,
Prop. 3.78]:

Lemma 2.4.1. Suppose that w is a (smooth) principal series IndgLQ(K)(X) for some
smooth character x = x1 ® x2 : T — F*. Then 7 lies in the category C (§ and
D4(7) is étale and free of rank 1 over A. More precisely, let k € 7" be the element

sending f € IndgLQ(K)(X) to f((%)) € F. Then the image E of k in Da(mw) by
™ — Dy(m) is a basis of D(m), and we have

p(F) = xa2(p) %, (30)
a(R) = x2(a) 'R V a € OF. (31)
We still suppose m = IndgLQ(K)(X) as in Lemma [2.4.1] Then recall we have an

exact sequence of B-representations (see for instance [Vig08, Thm. 1])
0—o0—mp—>x—0, (32)

where the surjection is evaluation at 1 and where o is irreducible. The sequence is
nonsplit if and only if y; # x2. We call © the P-equivariant composition

O:1’ - %HDA(W)IJ — I'%HDA(W).

Lemma 2.4.2. With the above notation, the kernel of © is precisely x¥ = x*.
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Proof. The map © is P-equivariant, continuous and nonzero (as m¥ — Da(m) is
nonzero). By (and using that o|p is still irreducible as 7 has a central character),
it suffices to show that © kills x™'. Let ' € 7¥ be defined by #'(f) := f(1) for
fe Indg’LQ(K) (X), so that ’ spans the 1-dimensional P-subrepresentation x . Since
(k") = x1(p)K’, it suffices to show that «’ is killed by the canonical map 7¥ — D 4(7).

But x’ belongs to the dual of the first direct summand m; of [BHHT25al, (3.68)] (which

is the I-equivariant subspace of f € IndgLQ(K)(X) with support in BI). Since 7 is

an admissible /-representation, one can consider D4(m) and an examination of the
proof of [BHH"25al, Prop. 3.76(ii)] shows that gr D4(m) = 0. Since the filtration on
D 4(m) is exhaustive and separated, we have D4 (m) = 0 ([LvO96, Prop. 1.4.2.2(1)]).
By functoriality of D, it follows that «’ is sent to 0 by 7 — D (7). O

Suppose now 7 = 7(7) with 7, generic and reducible. Then the surjection 7V —»
@ ’ D4(m)%, or equivalently the map ©, is not an injection. But their kernel is at

least finite-dimensional over F: 7 is of finite length ([BHHTal) and this follows by a
dévissage as in the proof of Corollary (using the injectivity of © for supersingular
constituents of 7 by loc. cit.).

We can now provide the argument for Remark

Lemma 2.4.3. Suppose that 7 is a subquotient of a principal series IndgLQ(K)(X) for

some smooth character x = x1 ® X2 : T — F*. Then D4(7)" is a free F[Ny]-module
of rank at most 1. It is of rank 0 if and only if m is 1-dimensional.

Proof. Suppose first that m = IndgLZ(K) (x). We write m = m @ m as in [BHH25a,
(3.68)], i.e., m (resp. my) consists of functions supported on BI (resp. B(‘lJ (1))1).

From the proof of Lemma we know D4 (m) = 0, so that D4(7)" is isomorphic
to the image of 6 : my — D4(my). Noting ma|y, = Ind 1, we see that 7y is a free
F[No]-module of rank 1, and it remains to show that 6 is injective. The induced map
gr(0) : gr(my) — gr(Da(m)) = gr(my )s on associated graded modules is an injection
by [BHHT25al, Prop. 3.76(ii)]. Then @ is injective, as 7y is complete and D (mq) is
separated (using [LvO96, Thm. 1.4.2.4(5)]).

Let us consider the general case. Let m, := IndgLQ(K) (x) and let m be a sub-
quotient. If 7 # 7, then x; = X2, so x extends uniquely to a smooth character of
GLy(K), still denoted by x, and we have an exact sequence (with obvious notation)

0—=x—m = Sty — 0.

If 7 = y is 1-dimensional, then D (7) = 0 from the definitions, cf. [BHH™25al, Prop.
3.76(i)]. If 7 = St®x, by exactness of D, the injection Ds(mw) — Da(m,) is an
isomorphism. It is not difficult to check from the explicit description in the previous
paragraph that the kernel of ) — Dj(my) surjects onto x", and hence the map
D ()% — Da(m,)" is an isomorphism. O
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3 'Towards the locality of 7 via perfectoids I

For 7 of global origin having only supersingular constituents as in (18], we define
two P-equivariant subspaces of @w Dy(m): Da(m) N @11/) D4(7)f in § and
H(Zyr, F)¢ in § , the latter being purely local. We hope, but cannot prove,
that they are equal and dense in lﬁn “ D (7)f, which would imply the locality of

@w DA(W)u.
3.1 The embedding Dy_(7) — r&lw Dy(m)

Since we could not prove “by hand” the locality of D ()% as ¥-module over F[Ny]
in the simplest case (see §, we called on the perfectoid theory for help. As some
preliminary, we construct here a canonical P-equivariant embedding A ®4 D a(m) —
@ y D 4(m) that motivates the geometric perfectoid approach.

Recall that A, is the perfectoid version of A ([BHH™25b, Lemma 2.4.2] and also
§[1). For n>0let AVP" := p~"(A) C A, and
Aoy :=lim A= | AVP C A,
% n>0
where the isomorphism in the middle comes from the following obvious commutative
diagram in the category of F-algebras, where the maps on the bottom are inclusions:

AP A ¥ P
Jooo s (33)

AC Al/pc AP

The ring A is the perfection of A, and the ring A, the completion of A for
the “(Yo,Y1,...,Ys_1)-adic” topology, see [BHH"25a, Rk. 3.3(iii)] and [BHHT25b)
Lemma 2.4.2] with [BHH™25b} (50)] (we use quotation marks as all the Y; are units,

see above ().

Let D be a finite free étale (¢, Ok )-module over A, i.e., 1 ® ¢ induces an isomor-
phism A ®, 4 D — D. We have a commutative diagram analogous to |D

D—* D¢ ‘ D~ :
%Tso@)so %Tsﬂ@sﬂ (34)
D= AYP @, D= AP g DO ..

which gives an isomorphism

D(OO) = A(OO) QRa D= U(Al/pn XA D) = hgrlD
©

n>0
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and endows hg(p D with a canonical structure of A.)-module. Note that ¢ := p®¢ is

now a bijection on D). It will be convenient to note that o™ (D) = ™ (A) @4 D =
AY?P" @, D (inside D(w,) for all n > 0 and that we have a commutative diagram

AYP @, D —~ _->D
PRy
> (3)
v (D)

Recall that ¢ : D — D is a canonical left inverse of ¢ defined in [BHH"25b), § 3.2].
We define a canonical injection

o+ Dioe) = lim D = lim D
¥ P

(where the indexing set is Z>o in both limits) as follows: the composition with the
n-th projection (n > 0) on the right is defined by the commutative diagram

= ! %w (36)

In general, the m-th copy of D in lign(pD is mapped to the n-th copy of D in I'£1¢ D by

"™ if n > m and by """ if n < m. Everything is well defined as Y op =1 on D.

Note that lim D is also an A(x)-module by making a € AYP" act on (z,)ns0 €
lim D by (Y™ ™(¢™(a)Ty,) ifn < m, ¢™(a)z, if n > m). The following formal
lemma is left to the reader.

Lemma 3.1.1. The injection 0y is A -linear.

One also checks that the image of 6y consists of all (z,,),>0 € an y D such that the
sequence ¢~ "(x,) is eventually constant in D (take m > 0 such that p™"(x,) =
@ " (x,41) for n > m, then its preimage is x,, seen in the the m-th copy of D in
ligvD, or equivalently ™™ (x,,) € Doo))-

Let Dy := Ax ®4 D, an étale (¢, Of)-module over A, for which ¢ 1= ¢ ® ¢ is
again bijective. It is a straightforward exercise to check that the following formula
defines a semilinear action of the monoid Pt = (OKS{O} OIK ) on D, which preserves

D and D() and which uniquely extends to an action of P = (KOX K ) which preserves
D(oo)t

<p0a i)) v =bgp"(ax) for all n>0, a€ O, be O, v € Dw,  (37)
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where we see b in F[Ny| = F[Ok].
Recall that Jim y D also has a natural P-action, see the beginning of § .

Lemma 3.1.2. The injection 0y is P-equivariant.

Proof. Since P acts on both sides and the monoid P* generates the group P, it is

enough to prove the P*t-equivariance, i.e., that 6y commutes with (8 ?), (8 ?) for

a € OF and (5 ?) for b € O. This is a straightforward exercise keeping track of all
the previous actions. O

Remark 3.1.3. Note that v is not defined on D, and the canonical injection D —
D, does not intertwine ¢ on D with ¢~ on D, as ¢ is not injective.

Recall that D, D (), Dy have canonical topologies as finite free modules over A,
A(so), Ao (the topology on all these rings being the “(Yy, Y, ..., Ys_1)-adic” topol-
ogy). We endow 1&1 . D with the projective limit topology. The above P-actions are
easily checked to be continuous for these topologies.

Proposition 3.1.4.

(i) By continuity, 6y extends to a P-equivariant A-linear morphism 0 : Doy —
fm, D.
(ii) If v € Do and 0(x) = (x)n>0, then lim, oo ¢ ™ (x,) = x in Do.

(iii) The map 0 is injective with image

{(xn)nzo € lim D : the sequence @ "(x,) converges in Dy, as n — oo},
(4

which is dense in lgnw D.

Proof. (i) By Lemma and Lemma and as D is the completion of D() and
D is complete, it suffices to check that the m-th projection D) — D is continuous
for any fixed m > 0. Via the identification in , this map becomes

Ay @4 D — D, ¢™"(a) ® x " " (a)p™(x)
for any a € A, x € D and n > m (using that (ap(x)) = ¥(a)x). Picking any basis
(e;); of D over A and using that (¢™(e;)); is another basis of D over A, we reduce
to showing continuity in the case D = A, i.e., to showing that the map for n > m

T @ Ay — A, "(a) — " " (a)
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is continuous. For this we use the total degree in the variables Y;, deg : Ao, —
Z[1/p] U {cc}. By Lemma below we deduce that deg(m,,(a)) > p™deg(a) — f

for all @ € A, and we are done.

(i) We first write z € Dy, as x = 300 4y, with yn ¢ @‘”(D) Al/p" ®4 D and

yn — 0 as n — oco. By continuity, 0(x) = >0, 0(y,). By (34) and ( one easily
checks that the m-th projection of #(z) in D equals

n>m
or equivalently ™™ (2,,) = 0o Yn + Lnsm @ W@ (Y0))) in T™(D). Tt
suffices to show that the tail >, o " (" " (¢"(y,))) tends to 0 in ¢~ ™(D) as
m — oo. By choosing a basis (e;); of D and using " ™ (ap™(e;)) = " ™ (a)p™(e;)
for a € A, as in (i) we reduce to the case D = A. Then Lemma below implies
deg(o™™ ("™ (0" (yn)))) > deg(yn) —p " f (now y, € ¢ "(A)), which finishes the
proof of (ii) since deg(y,) — oo.

(iii) The injectivity follows from (ii). The image of # is dense because, by con-
struction, all projections of fy on D are surjective. Finally by (ii) it suffices to show
that if (z,)n>0 € Y&lw D is such that ¢~ (z,) converges to x € D, as n — oo, then
we have 0(z) = (2,)p>0. From the definition of 6, and the discussion below (36)), the
coordinate of 0(¢"(x,)) = Oo(@ " (z,)) € @1/} D in the m-th copy of D in @w D
equals """ (z,) = x,, for any n > m > 0. As 6 is continuous, we deduce that
0(x) = (@n)nz0- O

Lemma 3.1.5.

(i) Fora € Ay and n € Z we have deg(¢"(a)) = p™ deg(a).
(ii) Fora € A andn > 0 we have deg(¢"(a)) > p~"deg(a) — f.

Proof. Part (i) is obvious. For part (ii), by induction it is enough to show that
deg(v(a)) > p~'deg(a) — fpp%l. To prove this, it is convenient to use the (non-
canonical) variables Zy, Z1, ..., Z;_1 of F[Ny] (instead of the variables Y;) as defined
in the beginning of [BHHT25b, § 3.3] (note that A is defined similarly using these
variables). Defining Z% as in , the result follows from the fact that ¢ (Z%) for
ke{0,...,p— 1} is of the form ZZ for some j € ZL, with ||j|| < p~'||k|| (see the
uniqueness part of the proof of [BHHT25b, Prop. 3.3.1]). - O

Remark 3.1.6.

(i) One can check that there is no natural action of A, on T&nzp D extending the

action of A (see below ) and the action of A, on the image of 6.
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To see this, it suffices to show that there exist sequences (am)m>1, (bim)m>1 €
A such that (b)) = bn_q for all m, val(a,)/p™ — 0 as m — oo, and
Y™ (ambm) # 0 as m — oco. We define Ty, ..., Ty_; as at the beginning of the
proof of [BHH™25bl Prop. 3.3.1], so that in particular F[Ny] = F[Tp, ..., T¢-1]
and ¥((1+ Tp)") = 0 for 1 < i < p — 1. Pick any sequence (Z,)m>1 in A
such that x,, 4 0 as m — oo, and let k,, := (1 + Ty)?" 1" (z,,). Setting
= TP ™ (14 Ty) and by, := @™ (k) 4« - - + kny, it is easily checked that
all conditions are verified.

(ii) We can also view Jim y D as lim _ ¢ (D) via the commutative diagram

¢ ()
T

D~ < )@ (D)

where the transition map ¢"(D) — o~ ""D(D) is o~ Dyppn (it is AVP" -
linear for n > 1 via the inclusion AYP""" < AYP" and restricts to the identity
on o~ "=I(D)). From 9 o ¢ = 1 we deduce inductively that ¢™"(D) = D @
@, ¢ ™(kery) (n > 0), and hence that

lim D = lim ¢~"(D) = D@Hso (ker ¢)).
v

n>0 m=1

Let now m be an admissible smooth representation of GLy(K') over IF in the cat-
egory C (§ such that D,(m) is étale. We thus have a canonical P-equivariant
A(x)-linear embedding with dense image

0: As @4 Da(m) f—>1'£1DA(7T). (38)
(4

Assume moreover that 7 has finite length and that all its constituents 7’ are supersin-
gular with D4(7") # 0. Then from Corollary we have a P-equivariant cartesian
diagram

D (1) = As @4 Da(m) " lim Dy ()

P
N

X ¢ MDA(W)IJW']T\/
(]

where by definition X is the intersection of D4__ (7) and 1&1 “ D (7)%. The main reason

to consider the diagram is that, when 7 is the maximal subquotient of 7(7) with
only supersingular constituents as in Corollary [2.2.7, the (¢, OF)-module D4_(7)
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has a natural geometric perfectoid interpretation, see [BHH'25b]. And there is also
a possible geometric candidate for X that we will define (and try to study) below.

We denote by F[N? "] the completed perfection of F[Ny]. We have F[N? | =
FIYS ™
action of the subring F[NY | of Ay (compare with Remark [3.1.6{i)):

,...,Yf__fo]] — As. When working with I'an D4 ()% we at least have an

Lemma 3.1.7. The action of U,>o¢ "(F[No])) C Ay on @w D (7)* extends by

[e'e]

continuity to an action of F[NY ~ | = F[YZ . ..,Yf__;o]].

Proof. Write a € IF[[YDP_OO,...,Y;’__;O]] as a = Y00 a, with a, € ¢ "(F[Noy]) and
a, — 0asn — oco. Let © = (x,)n>0 € Y&lw Da(m)?, from the action of A on z (see
before Lemma [3.1.1)) it suffices to check that for any m > 0,

Y (0" (ap)1,) — 0 in Da()" as n — oo. (40)

Write a,, = ¥, YY""a,,; with a,; € F[Ny], and where the sum runs through i €
{0,1,...,p" =1}, As a, — 0 as n — oo we still have a,; — 0 as n — oo (uniformly
in i). We can write " ™ (¢"(a,)7,) = 3 0™ (an )" ™ (Yix,). As o™(a,;) — 0
uniformly in i and as ¥" "™ (Y'x,) are contained in the (linearly) compact F[Ny]-
module D 4(7)%, we deduce that holds. O

Since, evidently, the action of U, > ¢ "(F[No]) extends by continuity to an action
of F[N? "] also on D4_ (), we deduce that X in ([39) is an F[N? ~ J-module.

Ideally, we would like the bottom injection in to have dense image, at least for
7 the maximal subquotient of 7(7) with supersingular constituents. This is the case
when f = 1 as follows from [CollOb, Lemma IV.2.2] (with [Coll0a]). This density
combined with Proposition [2.3.1] would have the following consequence:

Lemma 3.1.8. Assume f > 1. Let ™ as in (@) and assume that X is dense in
l'ﬂlw Da(m)E. Then X is not finitely generated as an F[NE ™ J-module.

Proof. The density assumption implies that the composition X @1 “ D ()" with

the projection to the first factor D4(7)* has dense image. Assume X is finitely
generated over F[NJ ], then by Proposition it is enough to prove that the
image of this composition in D4 (7)? is finitely generated over F[Ny] (as it will be
closed and hence equal to the whole D4(m)%). Let m be the maximal ideal of the
local ring F[N? "] and d := dimp X/mX. Since ¢ is bijective on X (as X is a P-
representation), it is bijective on X/mX. Let (¢;)1<i<q € X¢ lifting a basis of X/mX,
by Nakayama’s lemma we have >¢_| F[NJ 7w]]ei = X and the action of ¢ on X is given
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on the vectors e; by a (possibly non-unique) matrix in GLy(F[NZ " ]). Choosing such
a matrix gives a p-equivariant surjection of étale p-modules Y := @, F[N? ~ Je; —
X. By an F-linear variant of [KL15, Prop. 3.2.7] (see also [BHH25bl Prop. 2.6.3]),
there is a d-dimensional étale p-vector subspace V of Y such that F[N? ~ |@gV = Y.
Moreover the composition ¥ — X C Dy_(m) induces a @-equivariant morphism
Ay ® V' — Da_(7), which by (the p-version of) [BHHT25b, Thm. 2.6.4] maps V/
to Da(m) € Da_(m). It follows that X is generated over F[NJ ] by finitely many
vectors of D 4(m). Hence it is enough to prove that, if x € D (), then the image of
the composition of 6 with the projection on the first factor:

F[NG "z <% Jim Da(r) — Da(r)
Y

is a finitely generated F[Np]-submodule of D4(7). But since x € Dyu(nw), argu-
ing as in the proof of Proposition M(l), we see that this image consists of all
Sonso V" (¢"(ay))x, where a, € F[N2 "] and a, — 0 as n — oo. Hence the image
equals F[No]x (noting that 1 (F[No]) = F[No] by Lemma [2.3.3)). O

When 7 is irreducible (supersingular), to have X dense it would be enough to
prove X # 0 by Corollary as " |p is then (topologically) irreducible. However,
even in the simplest case f = 2 and 7 as in (21)), we do not know if X is 0 or not for
lack of a better understanding of D4 ()" Likewise we do not know if the geometric
candidate for X in §[3.3 below is 0 or not (let alone if it is isomorphic to X).

Remark 3.1.9. If f = 1 and we suppose for simplicity that 7 is irreducible, then
X is still not finitely generated as F[N? ~ J-module, as we now briefly explain. In
this case 7 corresponds to an irreducible Galois representation p : Gg, — GLa(IF),
and we have Dj(m) = D(p) (at least up to twist that we can forget here) with
D(p) = F(T))er @ F(T)es and p(e1) = ea, p(ey) = XT~"P~Ne; for some A € F*
and some h € Z, p+ 11 h. By [Coll0B, Cor. 11.5.12] our D4(7)* contains Colmez’s
(Da(m))* as a closed F[T]-submodule that is preserved by t, ZX, and on which )
is surjective. Hence by Corollary (and [BHH™25al Prop. 3.76(iv)]) we deduce
that Da(7)" = (Da(m))* (noting that «|p is irreducible). (Alternatively one can
deduce this from [Coll0al, Prop. IV.4.16].) Thus by |Coll0bl Lemme IV.2.2(ii), (iii)]
we deduce that

X = {z € Dy (m) : the sequence {¢"(2)}n>0 is bounded} (41)

and that X is dense in @ “ D ()%, An explicit calculation using shows that

Coo h
X = {azel +yey rx,y € F(TP ), val(z) > ,val(y) > p},

p+1 T p+1

where val is the T-adic valuation. As p+ 11 h, it follows easily that X is not finitely
generated as F[T? ~]-module. On the other hand, it is almost finitely generated
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as an F[T? ~ ]-module with respect to its maximal ideal. Namely, if we let X,, (for
n > 0) denote the F[T? ~]-submodule of X that is generated by o ™(X N Da(7)),
then each X, is finitely generated, and for any ¢ € Z[1/p|~¢ there exists an n such that
T°X C X,. For f > 1itis natural to ask if X (assumed to be dense in @w Dy (7)) is

an almost finitely generated F[NJ _Oo]]—module, though this might be quite optimistic.

3.2 The perfectoid space Z

We explicitly describe the global sections HY(Zir,Og..) and its subspace
H(Zyr, O ZLT)G”(pZ)f. These results will be crucially used in the sequel.

We consider the perfectoid space Zyr of [BHH™25b, § 2.3] defined as the open
subset of SpaF[T¢ ~,T¢ ... ,TJ?:T]] obtained by removing the vanishing locus
of TyTy ---Ty_q (so Zyr can be seen as a perfectoid space over the perfectoid field
F(T7 ™)) for each 7). Here each T; for i € {0,...,f — 1} is the formal variable of
the Lubin-Tate formgul group over Ok associated to the uniformizer p such that the
logarithm is 32, %, where we use the fixed embedding o : F, — F of § H to
work with F-coefficients. Equivalently we have

Zir = Spa (F(T3 ), FITY " T) Xspace) -+ Xspa) Spa (F(TY—; ), FIT{_1T),

where the fiber product is taken in the category of adic spaces. We refer to Corollary
[3.2.4 below for a concrete description of its global sections

HO(ZLT7 OZLT) - F((Tg_oo))@)F Tt ®FF(<T}I:;O>) (42)

in the case f = 2, (where ®p is a certain Fréchet completion, see the corollary for a
precise statement), the general case being similar, see Remark |3.2.9|

It follows that Zyr is naturally endowed with an action of the semidirect product
(K*)! x Sy, where Sy acts on the left on (K*)/ by permuting the factors. Here the
i-th factor K™ acts trivially on T} for j # ¢ and acts F-linearly on the variable 7T} by
the Lubin-Tate action for Ok and by ¢,(T;) = T} for p, and S; permutes the Tj,
see the beginning of [BHH25b, § 2.4]. Moreover Zyr is a quasi-Stein adic space (see
Lemma below for the case f = 2, the general case is similar). Hence a locally
finite free Oy  -module F on Zir is determined by its global sections H °(Zyr, F)
(which follows for instance from [KL, Thm. 2.5.5] and [KLj Cor. 2.6.4]).

We now determine explicitly the global sections H°(Zyr) = H®(Zir, Og,..). For
simplicity we assume in the remainder of this subsection that f = 2. For N > 1 we
define

Zy = {|Ty'| < |Th| # 0,|T1"] < |To| # 03,

a rational open subset of Z := SpaF[T¢ ~,T¢ ] that is contained in Zy.
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Lemma 3.2.1. We have H°(Zyr) = lim H°(Zx) (as complete topological rings).

Proof. By [SW20, Def. 3.1.6] we have H°(Zir) = Oz(Zur) = lim Oz(U), where the
limit runs over rational subsets U C Z contained in Zyp. If U is such a subset, then
U is quasi-compact and |Tp71| # 0 on U, so by [Wed, Lemma 7.31] we deduce that

oo oo

there exists N > 0 such that |a| < |TyTi| on U for all a € (T, T)NTIF[TY ,T¢ .
Thus U C Zy, so we established cofinality and are done. O

The proof shows that we have

U Zy = Zur (43)

N>1
because rational subsets form a basis of the topology of Z.
Lemma 3.2.2. We have

H(Zy) = { SOOI T N, € Fodop, dy € Z[1/p);

n=0

Ndo}n + dl,na dO,n + Ndl,n — OO}

This is a Banach ring, with topology given by the norm

0
d, n d n —mi :
Z /\nTO 0, Tl 1, -9 min{Ndo n+d1,n,do,n+Nd1i n nZO}'

n=0

N

(Here we implicitly assume that all A, are nonzero and that the (don, dy,,) are pairwise
distinct. )

Proof. As in [SW20, § 3.1] we obtain H(Zy) = Oz(Zy) by taking

Avi= FITE 70 2],

completing for the (7T}, T7)-adic topology and inverting ToT}. (Incidentally, note that
the (Ty, T1)-adic topology equals the T;-adic topology for any i.) The ring Ay is given
explicitly by the series 30° )\nTg O’"Tld '™ such that

* d(),nadl,n S Z[l/p]a
o the subset {dy,,d1, :n >0} C R is bounded below,

o do,+dy, — 00asn— oo,
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o« forall i € Zsy we have dy,, < —i = dy,, > (i +1)N and dy,, < =1 = do, >
(i+1)N.

Note (by the second item) that the third item can be replaced by the condition
e Ndy, +dy, — oo and dy,, + Nd;, — oo as n — oo.

Moreover, the fourth item implies that Ndy, + di, > 0, do, + Ndy, > 0 for all n.

In particular, the (7y,T})-adic topology is separated. It is then straightforward to

see that the (Tp, T1)-adic completion A of Ay is given by the series > )\nTg 0’”T1d b

such that
® dO,’mdl,n S Z[l/pL
e Ndy, +dy,, = oo and dy,, + Ndy,, — 00 as n — 00,
o forall i € Zs¢ we have dy,, < —i = dy,, > (i +1)N and dy,, < =1 = do, >

(i + 1)N.

Another short calculation shows that Ag[(TpT1)'] is precisely the ring in the state-

ment of this lemma. (To see that we obtain all series in the statement, by symmetry

it is enough to consider series with dy, < 0 for all n and then write Tionin =

(Ty ' 1y) Vo) o= Ldompifintliond

For the claim on the topology, it is not hard to verify that for f € Agand i > N,
f 6 (To,Tl)iA\o — ‘f‘N S 271’ — f E (To,Tl)iiNA\g.
(Also, ||x is not multiplicative, only sub-multiplicative.) H

Remark 3.2.3. Alternatively we get the Banach topology on H(Zy) from the fact
that H°(Zy) is Tate with pseudo-uniformizer Ty (or T}).

From Lemma and Lemma [3.2.2] we obtain the following description of the
Fréchet ring H°(Zir).
Corollary 3.2.4. We have

0(Zir) = { ST T N, € R do, dy € Z[1/p);

xdy, +ydi, =00V ,y> 0}.
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Example 3.2.5. For example, ;50 Ty 'T7" € HO(Zyp).

Remark 3.2.6. By Lemma it, follows that the topology of H°(Zyr) is given by
the family of norms ||y for N > 1 (restricted to H(Zpr)). It is then easy to see that

the induced topology on F[T¢ ~,T¢ "] is the (Tp, T1)-adic topology. In particular,
F[T¢ ™, T¢ 7] is a closed subring of H(Zyr) (as it is complete).

Lemma 3.2.7. The adic space Zyy is quasi-Stein [KL, Def. 2.6.2].

Proof. This follows from the more general statement that X,Y quasi-Stein in Perfp,
implies X xg, Y quasi-Stein (using the proof of [SW20, Lemma 8.3.5]), but we provide
an explicit argument here. By we have an increasing union Zyr = Uy>; Zn, and
Ty is a topologically nilpotent unit in H°(Zyr). It thus suffices to show the (injective)
map H%(Zy11) — H°(Zy) has dense image. Take F := 3% A\, T30 T € HO(Zy),
with A\, € F, do ,, d1,, € Z[1/p]; Ndon,+d1 p, don+ Ndy , = +00. Then for each k > 0
the partial series Fj, := Y.F_ A, Ta0 T lies in (the image of) H(Zy41) and Fj, — F
as k — +o0. O]

The following lemma about invariants will be very useful.

oo}

Lemma 3.2.8. We have H(Zyp)er )" = F[T¢ =, T

[P,

Proof. Let F € H°(Zyr) such that (p,p~')(F) = F. This implies that if a mono-
mial T¢T? appears in the expansion of F' (see Corollary , then all monomials
Tgn“Tf’fnb for n € Z must also appear. If a < 0, then ¢"a + ¢~"b — —00 as n — 00,
which contradicts the condition in Corollary [3.2.4f The same holds by symmetry if

b < 0. Hence all monomials T§T} appearing in F must be such that a > 0 and
b>0. O]

Remark 3.2.9. For f > 1 it is not difficult to show that

H*(Zyr) = { ST T T N, € B diy, € Z[1/p);
n=0
f-1
indi,n — 00 on,...,xf_l > 0}
i=0
by using the covering with
Zy ={Ty'| < Tl #0VY i, [T}Y] < [To| #0V i}.

Then the same proof as for Lemma (using elements of the form
(1,...,1,p,1,...,1,p71,1,...,1) € G N (p*)/ for various positions of p,p~!) shows
that HO(Zy)Cn0D = F[Tg ™, ..., TF_ ]9 (cf. Lemma [3.3.1).
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3.3 A geometric candidate for Dy_(7) N I'&nw D ()"

We recall the geometric interpretation of D4 (7(7)) and give a possible (local) can-
didate for Dy (m) N Jim “ D 4(m)?, where 7 is the maximal subquotient of 7(7) with

only supersingular constituents. We assume f > 1.

Recall from § [3.2] that the perfectoid space Zpr is endowed with an action of
(K*)! % Sp. We define G := ker((K*) % Sy — K*, (ko,..., kr1,w) — [T k).
For any (K*)/ x Sj-equivariant locally finite free Oz .-module F the F-vector space

HO(ZLT,.F)G (44>

is endowed with the residual action of K*. Unfortunately, we do not understand the
spaces except in the case where F = Oy, . (cf. and also § 1.4). Recall the
following result from Lemma [3.2.8] and Remark

(oo} oo

Lemma 3.3.1. We have F[TJ | T{ ,...,T]?:T]]Gﬂ(pz)f = HY(Zyr, OZLT)Gm(pZ)f'

From Lemma we have in particular
FlTg =, 78 ..., T 19 = H(Zur, 0z,)°. (45)
This is a topological isomorphism by Remark [3.2.6]

We consider the perfectoid space Zp, of [BHHT25b, § 2.3] defined as the open
subset of SpaF[NY "] = SpaF[YZ Y ... ,Yf__fo]] obtained by removing the
unique non-analytic point (equivalently the simultaneous vanishing locus of all Y;).
The perfectoid space Zp, is not quasi-Stein anymore, but it is quasi-compact because

of the following finite covering of Zo,. by rational subsets of Spa F[NY -

- Yj\p— —oo Yiyp~
Uei=spa(FO? ) () a#0) FPTI((S) i), (o
where i € {0,...,f — 1}. (This covering is analogous to the covering in the proof

of [BHH™25b, Lemma 2.4.2(iv)].) The perfectoid space Zp,. is also quasi-separated,
since it is open in the affinoid Spa F[NZ .

Lemma 3.3.2. We have a topological isomorphism

oo

FIN? ™ = F[YZ ,...,Yf_‘f"]] = HZo,., 0z, ).

Proof. There is a description of U; N U; for ¢ # j analogous to . Moreover all the
perfectoid Tate algebras H°(U;, Oy,) and H°(U; N U, Oy,qu,) embed into
—oo Yinp™= Yo\p™> |
0 . _ p -J -
1 (N0 ) =07 ) <(YO) (s o>

J
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and F(Y/ 700))((%)1"_007 j # 1) coincides with the subring of elements which only

have denominators in the variable Y;. It is then clear that any element in the
kernel of the map @,H°(U;, Oy.) — @i#HU(Ui NUj,Ounu;) is an  element of
IE‘((YOWOO))((%)I’_“: (%)p_m,j # 0) which has no denominator in any variable Y; for
i € {0,...,f — 1}, hence which lies in F[Y? ... ,Yfp__fo]]. As Oy, is a sheaf of
topological rings, H°(Zo,,Oz,, ) carries the subspace topology in @;H°(U;, Oy,),
and one checks that it is the (Y, ..., Y;_1)-adic topology. H

Remark 3.3.3. Note that Lemma does not hold when f = 1; in that case, we
have H*(Zo,., Oz, ) = F(Y? ™). See also equation (42).

We let Perfr be the category of perfectoid spaces over Spa(F,F) and Perfg the
category of sheaves of sets on the big pro-étale site of Perfr ([SW20, § 8.2]). Recall
that, if W is any adic space over Spa(F,F), the functor hy (—) := Homp(—, W) lies
in Perfg .

It turns out that there is a morphism of perfectoid spaces
m: Zir — Zoy (47)
which induces an isomorphism of sheaves in Perfg’
hz./G = hzo,. s (48)

where hy, .. /G means the sheaf associated to the presheaf W +— Homgp(W, Z11)/G(W)
with G(W) := C°(|W|, G) acting through its action G x Zyp — Zy on Zyr, see [Far20,
Lemma 7.6] or [BHHT25b), § 2.4].

Proposition 3.3.4. We have a commutative diagram in which all arrows are iso-
morphisms:

G
H0<ZLT7OZLT) ~ HO(ZOKaOZoK)
ZT zT (49)
FITY ™, TYT1C < FIYY ™ YT T 2 AL

The vertical maps are homeomorphisms and the horizontal maps continuous.

Proof. Let W := Spa(F[T|,F). As Zir, Zo, are in Perfy and using Yoneda’s lemma,
we deduce:

HY(Zoy, Oz, ) = Homp(Zo,, W) = Hompatz (hze, , hw) — Hompety (hz,. /G, hw)

= Homperfﬁ' (hZLTa hW)Qa
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where the isomorphism follows from . In other words, H*(Zo,., O ZOK) is the co-
equalizer of the maps G x Zyr = Zyr — W, where the first two arrows are given by
projection, respectively the action map. Equivalently, it is the equalizer of the maps

H(Zyr) = HY(G x Zyr) = CY(G, H(Zyr)), which equals H°(Zyp)¢. We deduce (49))
by noting that the vertical maps are homeomorphisms by and Lemma 3.3.2, O

Below we show that the horizontal isomorphisms in (49)) are also homeomorphisms.

Corollary 3.3.5. Let F be a (K*) x Sy-equivariant locally finite free Oz, .-module.
Then the F-vector space H(Zyy, F)¢ is naturally an ]F[[Ngioo]]—module.

Proof. Tt is obviously an H(Zir, Oz, .)¢-module, whence the result by . O

Since H%(Zyr, F)¢ is also endowed with a residual K*-action, by Corollary
and the formula it becomes a P-representation. We also note the following
lemma.

Lemma 3.3.6. We have (m.0y, )% = Oz, -

Proof. Let U C Zp, be an open subset and V := U X Zoy Z1r. Then G acts on the
perfectoid space V' and there is a G-equivariant isomorphism hy = hy Xhz,, hz .

in Perfg’, where G acts on hy Xp,, — hz, through its action on hz,. We deduce
K
hv /G = hy Xp,,  (hz,/G) = hy in Perfg’, where the last isomorphism follows from
K
(48). The same proof as in Proposition[3.3.4then gives HO(U, Oy) = HO(V,0y)¢. O

We show that the horizontal isomorphisms in Lemma are homeomorphisms.
Consider the diagram

1 1

@ H (m_l(Ui)a OZLT) R @ H° (UZ’ OZ@K)

=0 =0

J

HO(ZLT,OZLT)G = HO(ZOK7020K>

G

for the open cover Uy, U; of Zp, in . The vertical maps are closed embeddings
by the sheaf axiom, and the horizontal maps are isomorphisms by Lemma It
then suffices to show that the top horizontal map is a homeomorphism. Moreover,
by Lemma below we can write m~(U;) = U2, W,, with W, affinoid so that

H(m N (Ui), Oz5) = lim H°(W,,Og,) is a Fréchet space over F(Y? ™) (each
H°(W,,,Oz..) being Banach). Hence its closed subspace H°(m™1(U;), Oz,.)¢ is also
Fréchet, and H°(U;, Oz, ) is even Banach. By the open mapping theorem (applied

separately to each direct factor), the top horizontal map is a homeomorphism.
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Remark 3.3.7. An analogous proof using Lemma [3.3.8] below shows that Lemma
[3.3.6] is an isomorphism of sheaves of topological rings.

Lemma 3.3.8. Suppose that U is any quasi-compact open subset of Zp, . Then
m~YU) can be covered by countably many affinoid open subsets of Zy.

Proof. Write m : Zyr — Zo,. as the composition Zpr iy Zyr/(p,p~ )2 i Zo, - Then
my is a (p,p~!)%-torsor between perfectoid spaces, with (p,p~')% acting properly
discontinuously on Zpr (using the map k12 in the proof of [BHH25b, Prop. 2.4.4])
and we claim that msy a quasi-compact morphism of perfectoid spaces. Assuming the
claim, my ' (U) is a quasi-compact perfectoid space, and this implies that m=*(U) =
mi*(my"(U)) can be covered by countably many quasi-compact open subsets, or
equivalently countably many affinoid open subsets.

To prove the claim, we first show that the rational open subset W := {|Tp|?" <
ITy| < |Ty|} of Zyr surjects onto Zir/(p,p~t)%, or equivalently that every (p,p~!)%-
orbit in Zyr intersects W. Suppose that z € Zpr with maximal generization .
Using the action of (p,p~')? we may assume that & € W. If z ¢ W, then [T}, >
Ty|. or |Ti|. < |To|¢. By [SW20, Lemma 4.2.2] with [SW20, Prop. 4.2.5] we have
(respectively) |T1|~ > [Ty = |To|>
or |Ti|= = |To %2 since € W. This implies |T1]; < |T0|315/q2 hence also [T}, < |Tp|/¢"
by loc. cit., or |T0|§154 < |Tt|5 hence also |Tp|9" < |Ti|,. Thus we obtain |Tp|, < |[Ti]s <
|Ty|/9* which is equivalent to |[Tp|? < |T1]2 < |Tp|Y/ and thus (p,p~")"'(z) € W,
or [Tple" < |Ti|. < |Tp|% which is equivalent to |Tp|¢’ < |T1|Y4 < |Tp|? and thus
(p,p~ () € W.

Consider the composition f : W — Zip/(p,p )% — Zo, C SpaF[YY ~,YP 7]
which sends analytic points to analytic points. By [SW20, Prop. 5.1.3] the map f is
adic and by [SW20, Prop. 5.1.5] the preimage of any rational subset is rational, hence
quasi-compact, in W. By surjectivity of the first map (and since the continuous
image of a quasi-compact subset is quasi-compact), the preimage of any rational

5

or [T1]; < ]Tg|§, which forces (respectively) |1}

subset of Spa F[Y? ~,Y? " ] is quasi-compact in Zrr/(p, p~*)%, and hence my is quasi-
compact. O

Remark 3.3.9. We see the bottom isomorphism in as some sort of “miracle”.

(i) For any d > 1 and any compact open subgroup H of ker((K*)¢ — K*),
one has F[Ty,..., Ty 1]¥ = F. As a consequence the embedding F[N,] —

F[Td ™, ... ,T]?:T]] does not factor through F[T¢ ", ... ,TJ?:;L]] for any n > 0!

Indeed, we may assume that H C (1 + pOg)? and n = 0. Suppose F €
F[To, ..., Ty1]" is non-constant. Write F' = °,(N\; + ¢i(To, - .., Ty_2))Ts
with A\; € F and g; € F[Ty,...,Ty_o] with g;(0) = 0. Assume first that g; # 0 for
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some 4, and let 4y > 0 be minimal such that g;, # 0. It follows from a(7) =T
(mod T?) for a € 1+ pOk that g, is invariant under an open subgroup of
(05)41. An easy induction on d > 2 shows that F[Tp,...,Ty_o]" = F for
any open subgroup H' of (O)41, using the field of norms when d = 2. Hence
gi, € F, a contradiction. Otherwise, F' € F[T; 1] for some open subgroup H’
of Ok, so F € I, contradiction.

(ii) For any d > 1 one can also define F[T¢yco, ..., Teye,a—1] with the cyclotomic
variables Tty ; instead of the Lubin-Tate variables T;. But in that case we have
IF[[T:;?S, o ,Tg;;_l]]H = F for any compact open subgroup H of ker((Qy)* —
Q). Indeed, by an argument similar to the one in the proof of Proposition
m, we have a (Q))%equivariant embedding

—o0

]F[[Tg;c,()a s 7T£z_(:;—1]] — 1£1 IF‘[[frcyc,()a s aTcyc,dfl]L

where the projective limit on the right is induced by the usual operators 1); :
FlTeye,i] = F[Teye;] of the cyclotomic theory (which do not exist for the Lubin—
Tate theory). It follows that, for any compact open subgroup H of ker((@j)d —»
Q)), F[T%co,. - Theq1]" embeds into lim FlTeyeos - -+ Teyea1]™

which is F by (i).

----- Ya—1

Since Sy obviously does not act freely on Zyr, the morphism m is (unfortunately)
not a G-torsor. It is also not pro-étale, though it is quasiproétale ([SW20L § 9.2]) by
[Far20, Lemma 7.6]. But Z§ := Spa(Au, AZ) (A2, are the power-bounded elements)
is an affinoid open subspace of Zp,. (the subspace of valuations such that |Yy| = |Y1| =
-+ = |Yy_1] # 0, see [BHH25b), § 2.4], in fact from the proof of Lemma [3.3.2 one has
Zge =UyN---NUs_q), and the map m restricts to m : Zip' == m™'(Z5.) = Zg.
where it is now a G-torsor ([BHHT25b} Prop. 2.4.4]).

Let n > 1 and recall that to any p : Gal(Q,/K) — GL,(FF) one can associate

(oo}

a perfectoid étale Lubin-Tate (¢,, O )-module Dy (p) over F(T§ ) (see for in-
stance [BHHT25b, Rk. 2.1.3]). Note that ¢, is bijective on Dir o (p), so that ¢,
and Oy combine into an action of K, where p acts by ¢,. One can then define the
(K*)! % Sj-equivariant locally free O, ,-module F on the quasi-Stein Zir associated
to its global sections Dy o (P)®F - - - @r Dir.00(p) (Where the latter is loosely defined
as in remembering that Dyp . (p) is an n-dimensional F(T{ ~ ))-vector space).
And one has (see [BHHT25b) § 2.7]):

DS _(p) == Ax ®4 D3 (p) = HU(ZEY', F5)% = HY(Z§", (m.F5)%). (50)

Going back to p = 7, (1), where 7 is a 2-dimensional global Galois representation such
that its restriction 7, to a decomposition group at a fixed place v|p is sufficiently
generic, we thus have D4 (7(F)) = HY(ZEF, Fro1))C.
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0 x2

Ifr,(1) = (Xl y ) is reducible, similarly to 1) we have extensions of (K*)f xS-
equivariant locally free Oz -modules

Fro) = (fm fimfm)- (51)

Definition 3. 3 10. If 7, is irreducible we define F := 75 (1) and if 7, is reducible we
define F := F2° 4.

Denoting by 7 the maximal subquotient of 7(7) with only supersingular con-
stituents, we see that we have

Da. (m) = H(Ziy", F)* = H(Zg,, (m.F)%) = D3 (ru(1))*. (52)
The P-equivariant injective restriction map
H(Zix, F)© = HO(ZE7, F)© (53)

shows that H°(Zpr, F)¢ can be seen as an “integral structure” in Da__(7) preserved
by P. (Note that this map is injective since F is free of finite rank and the map
H(Zyr,0z..) — HYZEY,Op..) is injective (in fact, even the restriction to the
open subset denoted U, C Zfy' in [BHHT25b, § 2.4] is injective by combining Corol-
larymand BHH+25b Lemma 2.4.7]).) But we have seen in another “integral
structure” in Dy (m) preserved by P: X = Dy_(7) N @w D4(m)®. Tt is therefore

natural to ask the following question:

Question 3.3.11. Do we have H(Zyr, F)¢ = DAW(W)ﬂ@¢ D 4 (m)% inside D 4__(7)?

A related (more important) question is:
Question 3.3.12. If H°(Zyr, F)¢ C T£1¢DA(W)”, is H(Zyp, F)¢ dense in
- 7
@wDA(W) :

Note first that, if H(Zpp, F)¢ is dense in @w D4(m)%, the proof of Lemma
3.1.8 shows that H°(Zyp, F)¢ is not finitely generated as F[NY ~ J-module. More
importantly, if H°(Zyp, F)¢ is dense in I’an D4(r)f, then I'an D4(m)* coincides

with the closure of H°(Zyr, F)% in @w D (7) via the composition H°(Zyr, F)¢ &

) @w D4(7) (note that gnw D 4(m)" is closed in Jim Dy(m)). It follows
that l'glw D 4(m)" is local, hence 7¥|p is local by Corollary [2.2.4] hence 7|p is local,
hence 7 is local as GLy(K)-representation ([Pas07, Thm. 4.4]).

Unfortunately, just like D4_ (W)ﬂ@wDA(ﬂ)h, we do not even know if H°(Zyr, F)¢
is 0 or not, even when f = 2.
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Remark 3.3.13. Fargues conjectures that, for any (K*)/ x Sj-equivariant locally
finite free Oz, .-module G on Zyr, the sheaf (m.G)% is generated by its global sections
H%(Zyr,G)¢ (and in particular that we have H°(Zir,G)¢ # 0 if G # 0), see [Far,
Conj. 10.1, Thm. 10.2].

3.4 The principal series case 1

We briefly discuss the analogs of Questions [3.3.11] and [3.3.12] in the much simpler
principal series case. Namely, we assume that 7, is reducible and consider the rank 1
subsheaf F,, of F7 1) in , resp. the principal series quotient of 7(T).

Concretely, we write again 7, (1) = (’61 M ), so that we have a quotient map

m(r) = J = Ind5(x; 'w @ xi'),

which gives rise to the following commutative diagram, where the left isomorphism
comes from Lemma and [BHH'25b, Lemma 2.9.6]:

Da(J)— Da(n(T))
! (54)
D3 (x1)— D3(7.(1))

l

Recall from that we have (by definition) a cartesian diagram

D (J)—"—1im D4(J)
P

I

X = lim Da(J)F <= J"
P

with the one difference that in our situation the map © : JY — @ ’ D4(J)% has a
1-dimensional kernel by Lemma [2.4.2] We know that X is a P-representation and an
F[N? ~J-module (by Lemma [3.1.7). We also know that T&nqb D4 (J)* is topologically
irreducible as P-representation, cf. § [2.4]

Recall the element x € JV from Lemma [2.4.1) and let & # 0 denote its image in
D4(J)%. As (k) = x1(p) "tk in JY (from the definitions) we deduce that

O(r) = (R, x1(p)F x1(p)’F, . ..)
= (R, 9(R),¢°(F),...)
= 0(F),
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by the definition of § in § 3.1} so 7 € X.

We claim that X = F[N! " ]& (inside D_(.J)). Note that the containment
“D7” is clear, as X is an IF[[Ngiw]]—module. For the containment “C”, first note that
D4(J)* = F[N]7, cf. the proof of Lemma . It follows from Proposition M(u)
that if x € X, then z is a limit of a sequence in IF[[NOl/pn]]E and hence that =z €
F[N? ~]%.

On the other hand, we compute the image of
H*(Zoy, (moFy)¥) = H(Z, (m.Fy)®) = DE_(x1).

Let fo, f1 be a basis of the Lubin-Tate (¢,, Of)-module Dyr(7,(1)) over F((T)) of 7, (1)
such that fo = T"ey is a basis of Dir(x1) C Dir(T,(1)) with h, ey as in [BHHT25D)
Lemma 2.1.5] (applied with d = 1 and p = x;). Then DLT,OO(X1)®FDLT,OO(X1) is a
direct summand of Dy (T, (1))@ Dir 00 (To (1)) which is free of rank 1, generated by
the vector fy® fo. One checks that the vector fy® fy is G-invariant, so that D%w (x1) =
Aws(fo ® fo) by (p0). By Lemmas [3.3.6/ and [3.3.2 we deduce H(Zo,, (m.F,,)¢) =

FING “1(fo® fo).

The left vertical isomorphism in (54]) is not canonical, but K* acts via the same
character (namely x;) on & and fy® fo, so by [BHHT25a, Cor. 3.9] we deduce that & €
F(fo® fo). Tt follows that H°(Zo,., (m.Fy,)¢) = X via the left vertical isomorphism
in (54)). Overall we obtain a positive answer to the analogs of Questions ,
3.3.12|in this case (using that Jim . D4 (J)* is topologically irreducible for the second

question).

Since we were not successful with H%(Zo,., (m.Fe))%) = H(Zur, F2 )¢ =
HY(G, F21y(Zur)) we next pass to He (G, F2 ) (Zur)) (ie., Hyo(G, F(Zyr)) with F
as in Definition [3.3.10)).

4 Towards the locality of 7 via perfectoids 11

For 7 of global origin having only supersingular constituents as in ((18)), we construct
a P-equivariant surjection Da_(7) = DY _(T,(1))® — m ®n (for a certain local twist
n). When f = 2 we construct a local quotient of D% _(7,(1))* by using the geometric

interpretation of DY (7,(1))* in and prove that it is an infinite-dimensional
smooth P-representation. We hope that this quotient equals 7 ® 7).
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4.1 The morphism A, ®4 Homy(Dy(7),A) > 7R x

For a smooth representation m of GLy(K') that is contained in category C (§ we
construct a P-equivariant morphism A, ® 4 Homa(Da(7), A) — 7 (up to twist).

We make no assumption on f and let 7 be an admissible smooth representation
of GLy(K) over I in the category C (§ such that D4(7) is étale. By [BHH25b),
Lemma 3.2.2] Homy(Dy4(7), A) is also naturally a finite free étale (¢, Of)-module

over A. Recall that Pt = OK(\){O} OIK acts on any étale (p, O )-module over A, for
instance on Homy4 (D (), A), by the formulas in (37]).

Remark 4.1.1. One can avoid the assumption that D () is étale by replacing D 4()
by its quotient D4(m)% (see the beginning of § in all the results of this section.
Recall that in the cases of global interest we have D4(7) = D4(m)%, see Remark 2.2.3]

By duality the natural map 7 — D4 () gives rise to a map Hom{™ (D 4(7), F) —

Hom{™ (7", F) = &, which we can further compose to obtain

€ : Homu(Da(7), A) £5 Hom$™ (D4 (7)), F) — Homg™ (7Y, F) = ,

where the continuous morphism p : A — F was defined in [BHH™25b| § 3.3]. However

.
the actions of ¢ and Oy become twisted. More precisely, we let y : P = (KOX K ) —

F* denote the smooth character
(75 4)) = (=) N, g, (@)
forn € Z, a € O, b € K, where N, 5, is the norm F, — F,(— F).
Lemma 4.1.2. The above morphism
€: Homa(Da(m),A) — 7R x

is F[No]-linear, P*-equivariant, and continuous, where m carries the discrete topol-
0qy.

Proof. By |BHHT25b), Lemma 3.3.5(ii),(iii)] and the definition of x we have e(¢(h)) =
(f)’ ?)e(h) and e(ah) = (8 (f)e(h) for a € O, hence € is PT-equivariant. By construc-
tion and Remark ¢ is F[No]-linear (as x is trivial on Np).

To justify continuity: as the source is a finite free A-module, it suffices to show
that A — m ® x, a — €(ah) is continuous for any h € Homy(Da(m), A). As the
natural filtration on D4(7) is good ([LvO96l § 1.5]), we have

Homyu (D a(m), A)=HOMa(Da(r), A) =HOMpn,]s (1) s, A) = HOMgppy,p (77, A),
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where HOM is as in [LvO96, § 1.2.5] and S is the multiplicative subset of F[No]
generated by Y- --Y;_; (see [BHH25a, § 3.1.1]). See |[LvO96l, Prop. 1.6.6] for the
first equality, the second equality follows by completion and the last by localization
and checking compatibility with filtrations by unraveling definitions. In particular,
h(D4 (7)) C FyA for some d € Z (recall A is a filtered ring with ascending filtration
(FyA)gez) with D,(m)f as in (16). As p is continuous, u(F.A) = 0 for some e € Z.
We deduce from the definitions that e(F,_4A - h) = 0, i.e., € is continuous. O

Recall that 7V has dense image in Da(m). Hence if D4(7) is nonzero then the
morphism € is also nonzero (as €(h) # 0 for any h € Homyu(Da(m), A) such that

h(Da(m)) = A). As in the proof of Lemma [3.1.2] we deduce from Lemma and
the formulas in a P-equivariant morphism

lim e : Aoy ©4 Homa(Da(m), A) — 7 ® x (55)
©

which is nonzero if D4(m) # 0.

oo

Lemma 4.1.3. The P-equivariant morphism induces a continuous F[N§ |-
linear and P-equivariant morphism

Ase @4 Homa(Da(m), A) — 7 ® x. (56)

Proof. From , the restriction of to AY?" @, Homy(D4(r), A) is given by the
map €, in the following diagram:

HOIHA(DA<7T),A> = T X
zT@W zT@n:(zg 0) (57)
AYVP" @, Homa(Da(7), A) —"> 7 @ .

We show that lg%e : Aoo) ®a Homy (Dy(m), A) — m ® x is continuous, where 7
carries the discrete topology, so that it extends to by completion. Note that the
topology of A( is still given by the total degree, i.e., by the filtration FyA) =
@n>0(FpndA)1/p" (d € Z). As in the proof of Lemma |4.1.2] it suffices to show that
for any fixed h € Homy(Da(7), A) the map Ay = T® X, a — (lig@ €)(ah) is
continuous.

By picking a basis (e;)!", of D := Homa(Da(m), A) and corresponding filtration
FyD =" F4A-e; we see that there exists some ¢ € Z such that ¢(F;D) C F,g..D
for all d € Z. Choose d(h) € Z such that h € Fyp)D. Choose e € Z such that
e(F.D) = 0 (by Lemma {.1.2) and § € Z so that p™(d(h) + §) + % < e for

all n > 0. We claim that (ligl@ €)(F5A() ® h) = 0, which will complete the proof.
It suffices to show that e,((FynsA)Y?" @ h) = 0 for all n > 0, or equivalently that
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p—1

e(FpnsA - @™(h)) = 0, cf. 1} By induction we have ¢"(h) € Fpnd(hH(pn,l)cD, thus
by our choice of § the map (56)) is continuous.

By continuity, the map is P-equivariant. Also, from the map ¢, is
F[Ny/""]-linear and 1' is lim IF[[N&/pn]]—linear. Recall F[N? ~] C A, consisting
of series in the Y; wit non—negative coefficients and total degree going to co. By
smoothness, any element of 7 is killed by terms of large enough degree, so m becomes

a F[N? ™ J-module. By continuity, 1} is F[N? ™ ]-linear. O

Assume now moreover that 7 has finite length and that all its irreducible con-
stituents 7" are supersingular with D 4(7") # 0. Note that using the exactness of the
functor 7 +— D4(n”) ([BHHT25al Prop. 3.12]), all Da(n') are automatically étale
as Da(m) is. Then since each 7'|p is irreducible by [Pas07, Thm. 1.1(i)] (with the
fact that 7, hence 7/, has a central character), we deduce that the morphism is
surjective in that case.

Finally, let 7 as in (18). Since Homu(D%(7,(1)), A) = DG (7Y (—1)) (see [Wanb)
end of § 5]) and 7! = 7, ® det(T,)!, it easily follows from [BHH"25b, Lemma
2.9.6] that the (¢, OF)-module Hom 4(D%(7,(1))%, A) is isomorphic to D%(7,(1))*
up to a twist. Therefore, from the above results with , we obtain a continuous
P-equivariant surjection

D3, (Fu(1)® > 7 @n (58)
for some explicit (local) character n: P — F*.

Remark 4.1.4. The morphism is not surjective when 7 is a principal series, see

§E.6l

In the next sections we assume f = 2 and our aim is to find a local smooth
P-representation occurring as a quotient of the P-representation D% _ (7, (1))™.

4.2 A smoothness result

For a continuous representation g : Gal(Q,/K) — GLy(F), recall F5 is the (K*)7 xS
equivariant locally free sheaf on Zjr defined in §. We define D% (p)* as in and
F as in Definition [3.3.10} replacing 7,(1) by p in loc. cit. In this section we assume
f = 2 and prove that the natural action of P = (KE)X f) on H*(p%* H(Zyr, F))¢ is
smooth (the “a” stands for “antidiagonal”). We will use the latter space to construct

a local smooth quotient of D% (p)* = Ay ®4 D% (p)*.

Lemma 4.2.1. Let A € F*, t € Z>y, r,s € Z[1/p|, and F = Y72, A Torrn ¢
H°(Zyr) such that for all n we have either dy,, > 0 or dy, > 0. Then

Fe((p)* = X"y "1y *)HO (Zir).
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Here (and in what follows), given z € K, we write z* for the antidiagonal element

(z,271) € G.

Proof. Let [ :={n>0:dy, > di,}. Forn el we let

+o0 oo

Gy = — Z(}\TSTIS)Z'—I—I<pit)a(T(l)iO,nTldl,n) _ Z /\i+1Tgitdo,n+(i+1)rqu_“d1,n+(i+1)s‘
i=0 1=0
(59)
Then g, converges in H°(Zyr) as dy,, > 0 (by assumption). Similarly for n ¢ I put
400 . )

T S\ 1% it\a d N d s T S —1 _ltd 7 ’Ltd n

gn = Y (AT ") (T T) = Y (NI T3) Ty T
i<0 i=1

Again this converges in H%(Zyr), and in either case we have ((p')* — AT, Ty *)g, =
Télo,n Tldl,n )

It remains to check that g := >0° ; A\ugn € ]F[[Tgioo,Tffoo]] converges in H°(Zr)
because this implies that ((p')* — AT, 7T, *)g = F. Without loss of generality we
assume that I = Zs( — as the argument for indices n ¢ I is analogous (by symmetry)
— so that in particular do,(> 3(don + d1,,)) — 00 as n — oo.

For x,y € Ryq we let v, denote the valuation on H°(Zyr) given by v, ,(F) :=
min{zdy, +ydy, : n > 0} (here we implicitly assume that all \,, are nonzero and that
the (don,d1,) are pairwise distinct). From (59) we obtain, with ¢ running through
ZZ():

Vay(gn) = min{alg o + (i + 1)r] +ylg™ din + (i + 1)sl}
> min{z[(1+ (¢ — 1)it)do, + (i + 1)r] +ylg " d1p + (i + 1)s]}
= min{[zdy,, + yq "di, + xr + ys] + i[x(q — )tdy, + zr + ys]}.

Choosing n large enough such that z(q — 1)tdy,, + xr + ys > 0, we get
Ve y(gn) > xdo, + min{yg "dy .} + 27 + ys.

Hence if dy ,, > 0, then v, ,(g,) > xdy,, + 21 + ys, whereas if d; ,, < 0 then v, ,(g,) >
xdon + ydi, + xr + ys. In either case we see that v,,(g,) — 00 as n — oo. O

Corollary 4.2.2. For X € F*, t € Z>y, r,s € Z[1/p| the action of H'(Z) =
FITE ™, T8 "] on HY(Zur)/((ph)* = NIy " T ) HO(Zyr) s smooth, in the sense that
for each element F € H°(Zyy)/((p")* — NIy "Ty °)H(Zyr) there exists N € Zsg
such that the ideal (Ty, Ty)N kills F.

Proof. Take any F' = > 2, )\nTgo’"Tldl’” € H°(Zyr). In particular, dy,, + di,, — o0
as n — 00. Choosing N > 0 such that dy, + dy, > —N for all n, we see that hF
satisfies the conditions of Lemma for any element h € (Ty, Ty)N. O
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Lemma 4.2.3. For A € F*, t € Z>, r,s € Z[1/p] the action of O x O on
H(Zyr)/((ph)> — XYy " Ty °)HO(Zyy) is smooth.

Proof. For any N > 1, the Lubin-Tate action of O} on F[T]/T" is smooth (T is
the Lubin-Tate variable as in § [3.3). Indeed, by induction, note that if [a](T) €
T + TF[T] for a € 1 + pOf and d > 1, then [a?](T) € T + T 'F[T]. Choose then
i(N) € Zs such that for a € 1+ p™Og we have a(T) € T(1 + TN"'F[T]). By
Lemma any element of H(Zyr)/((p')* — N\"'Ty "1y *)H®(Zyr) is represented by
a polynomial in To_qfn, T l_qfn (for some n). It thus suffices to check that the action of
(O%)2 on Ty T 4 ((ph)* — A\™VTy " T *)HO(Zyr) is smooth, for any fixed r, s €
Zso and n > 0. By Lemmald.2.1this is true, because (1+p "+ Og) x (14+p ) Ok)
acts trivially on this coset. O]

4.2.1 The case of reducible p

Recall that w, s for n > 1 denotes Serre’s niveau n character of order ¢" — 1 (which is
F-valued via any embedding Fy» < F that extends oy : F, < FF, the choice of which
does not matter).

Lemma 4.2.4.

wslunr()\l)

(i) Suppose that p = ( ) P2 unr(0g)
phism H®(Zyr, F5) = H°(Zir)®* as H°(Zyr)-modules such that the antidiag-
onal action of p, equivalently of p,, corresponds to (g, MAy " Pg, AaAT 0g; ©q)
and the action of (a,1) € O x OF corresponds to (@™ [a)®@1,a" [a]®1,a@"[a] ®
1,a"[a) ®1).

) is split reducible. We have an isomor-

h
(ii) Suppose that p = (leunr(Al) i ) is reducible. We have H°(Zyr, F) =

0 wSQunr(Ag
H(Zyp)®% as HY(Zyr)-modules with antidiagonal action of p given by
(M3 Tog, AeAT T o,) and action of (a,1) € O x OF by (@[a] @ 1,a@"2[a] @ 1).

Proof. (i) Let Dyr(p) denote the Lubin-Tate (¢4, Ok )-module over F((T")) associated
to p. Then by changing the basis from ey to T"eq in [BHHT25b), Lemma 2.1.5] (applied
with d = 1), we see that Dyr(p) = F((T))®? such that ¢, (resp. a € O}) on the left
corresponds to (Mg, Aa,) (resp. (@ [a],@"2[a])) on the right. The result follows.
(ii) also easily follows since, if 7 is nonsplit, one verifies that the sheaf F is the same
as in the split case (for the semisimplification of 7,(1)). O

Recall from § that G = K> x S3. We recall how the group P = (KOX If) acts
on HY (G, H(Zi1,F5)) and H'(p™* H°(Zyr, F5))¢. The point is that both have

cts
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actions of the ring H°(Zy 1) and of the group K* = ((K*)? x S3)/G. From we
have HO(Zip)¢ = F[NE "], thus we get an action of the group U,sq No’”" = ((1) ff)

As K* acts semilinearly, we get an action of the semidirect product P = ( ) X K<,

Corollary 4.2.5.

(i) Suppose that p : Gx — GLQ( ) is split reducible. Then the action of P on
H (0, HO(Zux, F3))C = (H(Zuw, Fo) (" — DO (Zum, F5))C s smooth.

(ii) Suppose that p:Gx — GLo(F) is reducible. Then the action of P on
H(p?? HY(Zyr, F))C is smooth.

Proof. (i) It suffices to check separately that Ny and (1 + pOg) x 1 € K* x 1
act smoothly on H'(p®*, H*(Zyr,F5)) (hence the same is true on the G-invariant
subspace). By Lemma it suffices to show the same property for H°(Zyr)/(p* —
NH®(Zyr) for any A € F*.

First we show that the action of Ny is smooth. We have F[Ny] = F[Yp, Y1], hence
the Y; (1 = 0, 1) are topologically nilpotent. So the image of Y; in IE‘[[T{OO, qufoo]] by

&)

lies in the maximal ideal of F[T¢ ~,7¢ ~]. Thus the smoothness follows from
Corollary (with t = 1 and r = s = 0). Finally, the action of (1 + pOk) x 1 is
smooth by Lemma 4.2.3|

Part (ii) follows from part (i) by arguing as in Lemma [4.2.4[(ii). O

4.2.2 The case of irreducible p

We continue using the notation of § - Recall from [BHH+25b § 2.1] that p =
(indwj;) @ unr(A) for some d > 1, h € Z (not divisible by < i for any proper divisor

d'|d) and A € F*. Here, indw}; is determined by having determmant wh - unr(=1)4!
and (ind wff)|r, = Wl @ wgﬁ @D ngflh. For us, d = f = 2, so h is not divisible
by q+ 1. As in [BHHT25D), § 2.1] we let fLT := Uo(g;))ﬂ fora e Ofand 0<i< f—1.

Lemma 4.2.6. Suppose that p = (ind w?) @ unr(\) is irreducible of dimension 2. We
have an isomorphism H®(Zyr, F5) & H(Zip)®* as H°(Zir)-modules such that the
antidiagonal action of p?, equivalently of gog, corresponds to

2 2
((TOTll/q )—h(q—l)(pg7 (TOTll/q)_h(q_l)Spg, (Tngl/q )_h(q_l)@g7 (T(()ITll/Q) h(g— 1)903)
and the action of (a,1) € O x O corresponds to
(foo) O a] @ 1, (£75)" " V]a] © 1, (fap)" Va2 (a] @ 1, (fa5)" " V]a] © 1).
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Proof. From [BHH™25D, Lemma 2.1.5] we see that Dyr(p) = F((T))®? such that
@2 (resp. a € OF) on the left corresponds to (A2T471p2 N2T—halaDp2) (resp.
((fEDP/ @t q] (fET)ha/(@+D[g])) on the right. The result follows. O

Corollary 4.2.7. Suppose that p : G — GLo(F) is irreducible. Then the action of
P on H'(p™*, H(Z1, F5))¢ = (HY(Zyr, F5)/ (p* — 1) H(Zyr, F5))© is smooth.

Proof. As in the proof of Lemma [£.2.5[i), it suffices to check separately that Np
and Oy x 1 act smoothly on H*(p”*, H*(Zyr, F5)). As H'(p*** H*(Zyr, F5)) sur-
jects onto H'(p”* H°(Zir,F;)), it suffices to show the same property for
HY(p**, H(Zyr, Fp)) = HO(Zi, F5) /[ (0°)* — D H(Zir, Fp).

For the smoothness of Ny, it again suffices to show that F[T¢ ~,T¢ "] acts
smoothly on H°(Zir, F5)/((p*)* — 1)H(Zi1, F5), and by Lemma this follows
from Corollary (with ¢ = 2, A = 1 and suitable choices of 7, s).

Finally we show that O x 1 acts smoothly. Let ey, e; denote the basis of Dyr(p)
used in the proof of Lemma [£.2.6, By Lemmas [£.2.6] and [£.2.4 we can represent

an element f of H'(p*** H°(Zyr,F5)) by [ = ¥ Fi (T T ey @ e for
some n > 0 and some polynomials f; ;. Choose r,s € Zxo such that all expo-

nents of Tg/anf/qnfi,j(T[;q_n,qu_n) are nonnegative for all 7,j. As in the proof
of Lemma we see that (1 + p'"T2 k) x 1 acts smoothly on f, where the no-
tation 4(V) is as in that proof. (Note that a € 1 + p'"+*2 O implies that faLg =1

(mod T5+h).) O

4.3 A geometric candidate for A, ®4 Homy(Da(7), A) - 7 ® x

For f = 2 and p, F as in the very beginning of §[4.2] using the geometric interpretation
of DY _(p)™ as in the last two isomorphisms of we construct a P-equivariant map
DY (p)* — H'(p**, H*(Zir, F))®. By using the main result of § |4.5| we prove that
for p > 2 its image is infinite-dimensional. In the global context of Definition [3.3.10
with p =7,(1) and 7 as in we hope that this image equals 7 ® 1 (see (58])).

We suppose f = 2 and consider the rational open subsets Uy = {|Y;| < [Yo| # 0},
Uy = {|Yo| < |Vi| # 0} of SpaF[¥? ™, ¥? ] in (46). Recall Uy U T, = Zo, and
UoNUy = Z§ " (see the proof of Lemma and the paragraph below Remark (3.3.9).

As Zpp is quasi-Stein, for any locally finite free Oy ,.-module F we have
HY(Zyr, F) = 0 [KL, Thm. 2.6.5(c)], so by the (five-term exact sequence associated
to the) Leray spectral sequence for the morphism m : Zir — Zo, in (47)) we have in
particular H(Zo,.,m,F) = 0. It follows that for any (K*)/ x Sy-equivariant locally
finite free O, -module F as in § 3.3 the Mayer—Vietoris sequence for the open cover

Zo, = Uy UU; gives a short exact sequence of H°(Zp, )-modules with semilinear
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actions of (K*)? x Sy:
0 — H°(Zoy,muF) — H°(Uy,m.F) & H'(Ur,m.F) — H°(ZF" , m.F) — 0. (60)

(Note that the (K*)? x Sy-action permutes the two direct summands, while the group
G={(a,a™'):a € K*} x Sy preserves each summand.) Taking G-invariants gives a
long exact cohomology sequence by ,

0 — H(Zo,., (m,F)%) — H(Uy, (m,.F)%) @ H(Uy, (m,.F)°)
— H(Z&", (m.F)®) = HL (G, H(Zin, F)) (61)

cts

which is H%(Zp,, )-linear (as G acts trivially on H(Zo, )) and K *-equivariant, in par-
ticular P-equivariant. (As F is free of finite rank over Zpr, note that the injection in
is identified with (several copies of) 0 — H°(Zyr, Oz..) — H(m ' (Uy), Oz,.,) ®
HY(m~Y(U"), Oz, ), which is strict as Oy, is a sheaf of topological rings.) Finally,
recall the P-equivariant inflation-restriction sequence for continuous H'*

0—s HY\(G/p?, HO(Zymp, FYP™") — H.

cts

from (88)) (the P-action is similar to the one above Corollary [4.2.5)).

(G, HO(Zyp, F)) =5 HY (p%, HO(Zur, )€ (62)

Now, let F be as in the beginning of this section. Using the last equality in (52))
we consider the composition (with § as in (61)))

—\ss O
Di?oo(p) —>Hclts

(G, H(Zyr, F)) == H'(p"*, H*(Zix, F))°, (63)

which is P-equivariant and H°(Zp, )-linear. Moreover the final term is smooth as a
P-representation by Corollary and Corollary [4.2.7]

Contrary to §[3] in this setting we at least have a non-trivial result of non-nullity:

Theorem 4.3.1. Assume p > 2. Then the image of D% _(p)* in the composition
@ s an infinite-dimensional smooth representation of P.

Question 4.3.2. Is this image isomorphic to 7|p ® n for p =7,(1), 7 as in and
7 as in ?

If the answer to Question is yes, then 7|p ® 7 is local, hence 7 is local as
GLs(K)-representation by [Pas07, Thm. 4.4].

We will give the proof of Theorem assuming Theorem below. To do
this, we use the following result. Let I := (Yy,Y}), a finitely generated ideal of the

e’} 9]

ving FIN] ™] = HO(Zo, ) = F[Yy ~¥? "],
Lemma 4.3.3. For A € F*, t € Z>y, r,s € Z[1/p] the H*(Zo,.)-module
HO Zy oo™ =7 (o1

is (Yo, Y1)-adically complete.
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Note that H°(Zp, ) acts via H(Zp, ) = H(Zyr)¢ = F[T¢ ~, T 7]°.
Proof. The lemma will be a consequence of the following two assertions:

(i) There exists N € Z>q such that
HO(Zyy) v =200 () TNFIT T, T (65)

(ii) The module (ToTy) NF[7g ,7y ] is I-adically complete and
HO(Zyp)wr™ =" g a closed submodule (in the I-adic topology).

For (i), suppose that f is contained in the space of invariants . By invariance,
if the monomial T¢T} occurs in f, then so does the monomial T3 Ty" for any n € Z,
where a,, = ¢"'a + q;tfllr, b, = ¢ ™b+ qq_,it:lls. By Corollary [3.2.4 we deduce that
2@, + yb, — oo (or is constant) as n — *oo. As a, = ¢"(a + ;) — g4 and
by = ¢ " (b+ ==) — == we deduce that a +

>Oandb+%20. We
obtain the containment for any N > max{ ", =1}

r
-1 = —t_q

For the first part of (ii) we may and will take N = 0. By continuity (Proposi-
tion ) we see that Y; (i = 0, 1) is contained in the maximal ideal of F[T ~,T¢ .
Choose n > 0 such that the minimal total degree (in Ty, 77) of any monomial in any

n

Y; is > 2¢7". Hence I = (Yp,Y1) C (T¢ ", T¢ ") inside F[T¢ ~,T¢ ~]. Hence
1’7" C (Ty, Th). By [Sta, Tag 090T] we obtain the first part of (ii).

The left side of is closed in H%(Zyr) by continuity of the action, and the right
side carries the (T, T)-adic topology by Remark [3.2.6, This implies the final part of
(ii), as the I-adic topology is finer than the (Tp, T} )-adic one. O

Proof of Theorem[{.3.1. By Corollary [4.2.5(ii) and Corollary we only need to
prove that the image of D% _(p)™ is infinite-dimensional. By combining Lemmas m,
with Lemma we obtain that the H°(Zo, )-module HO(Zyr, F)*™" is I-
adically complete. (If p is irreducible, note that lLI'O(ZLT,]:)pZ’a CH O(ZLT,]:)”ZZ’a
is a closed submodule.) Then it follows from part (1) of [Stal Tag 091R] that
HO(Zyp, F)P"" is derived complete with respect to I (see [Sta, Tag 091S]). Now,
as p > 2, we have for ¢ > 0 that

H (G /p", H(Zir, FY*) 2 Hiy(1+ pOg ), HY (Zyp, F)P*)Fal52,

cts

(see for instance from [Laz65, V.3.2.6.4] or [Ked16, Lemma 3.3] noting that G/p”
is profinite p-analytic in the sense of [Laz65, § I11.3.2.2] and 1 + pOf is open in
G/p%). If g1, g, are topological generators of 1 + pOy (using again p > 2) and M
a separated complete F-vector space endowed with an H°(Zp, )-module structure
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and an H°(Zo, )-linear continuous action of 1 + pOf, recall from Lemma that
Hi (1 + pOg, M) for i > 0 can be computed as the cohomology of the complex
of H'(Zp, )-modules [M — M & M — M|, where the first maps sends m € M to
(91—1)ma®(g2—1)m and the second sends m;®ms € MBS M to (go—1)m;—(g1—1)ms
(we actually only need ¢ = 0,1 in the sequel). If M is moreover derived complete
with respect to I as H%(Zo, )-module, it follows from part (1) of [Sta, Tag 091U]
that so are the HE (1 + pOg, M) for i > 0. In particular (using loc. cit. again) we
deduce that the HY(Zo, )-modules H, (G /p”, H(Zyr, F)¥"*) are derived complete

cts
with respect to [ for ¢ > 0.

Now, let X := 6(D%_(p)*) C HY (G, H*(Zyr,F)) and assume that the image
X of X in H(p%®, H*(Zyr, F))Y via is a finite-dimensional F-vector space.
Since H(Zo,, )-modules which are finite-dimensional over F are obviously I-adically
complete, hence derived complete with respect to I (part (1) of [Stal, Tag 091R]), by
the previous paragraph with part (1) of [Sta, Tag 091U] the inverse image of X in
H (G, H(Zyr, F)) is also derived complete with respect to I. Since Y, (or Y7) acts
invertibly on DY _(p)*™ and X lies in this inverse image, it follows from part (2) of
[Stal Tag 091P] that the map § must be 0, i.e., we have a short exact sequence of

H°(Zp,. )-modules

0 — H(Zo,., (m.F)%) — H(Uy, (m.F)%) @ H(Uy, (m,.F)°)
— DY _(p)*® — 0. (66)

But H(Zo,., (m.F)¢) = H(Zyr, F) is a closed H°(Zo,. )-submodule of the I-
adically complete H%(Zo,. )-module H°(Zyr, f)pz’a, hence is also [-adically complete,
hence derived complete with respect to I. Since Y; (or Y;) acts invertibly on D%_(p)*,
it then follows from part (2) of [Stal Tag 091P] applied with A := H*(Zo,.), f:=Y,
(or Y1), K :=HZo,,(m.F)%) (in degree 0) and E := D% (p)*[—1] that
splits as a sequence of H°(Zp, )-modules. In particular there is an H°(Zp,, )-linear
surjection HO(Uy, (m.F)%) & H°(Uy, (m.F)¢) — H°(Zo,., (m.F)¢). Since Y; acts
invertibly on H°(U;, (m.JF)%) (j = 0,1), by part (2) of [Stal, Tag 091P] again, applied
with f =Y}, the map H°(U;, (m.F)%) — H°(Zo,,(m.F)%) is zero for j = 0, 1.
Hence we must have H(Zo,., (m.F)¢) = 0. From we deduce that the map
H(Uy, (m, F))® HO(Uy, (m.F)“) — D%_(p)*™ is an isomorphism, which contradicts
Theorem [4.5.7] below.

We conclude that X must be infinite-dimensional. As HL (G, H(Zyr, F)) is a

smooth P-representation and all maps are P-equivariant, this finishes the proof. [

We can strengthen Theorem [4.3.1] as follows.

Corollary 4.3.4. Assume p > 2. Then the image of DY _(p)* in the composition
(69) is Y;-divisible for i € {0,1}, in particular it has unbounded (Yy,Y1)-torsion.
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Proof. As D% _(p)™ is Y;-divisible for i € {0,1}, so is its image by any H%(Zo,)-
linear morphism. Since the image of DY _(p)* in the composition (63)) is nonzero by
Theorem [4.3.1} it follows that it has unbounded Y;-torsion for i € {0, 1}. O

Though we do not know if H%(Zo,., (m.JF)) is nonzero, we can at least deduce
from Theorem the following non-nullity statement:

Corollary 4.3.5. Assume p > 2. Then at least one of H°(Zo,,(m.F)%),
HL(G/p*, H(Zyp, F)P™") is nonzero.

Proof. Assume that both are zero. Then from (61]) and we have a P-equivariant
exact sequence

0 — H°(Uy, (m,F)%) & H°(Uy, (m,F)) — HY(Z&", (m,F)Y)
— H'(p™* H(Zyp, F))C. (67)

Let H be the image of the last map in H'(p%* H°(Zyr,F))“, which is a nonzero
smooth P-representation by Theorem [4.3.1] Let us first prove that H(Uy, (m,F)%)

oo

is canonically an F((Y? ~ )-vector space (note that a priori it is just an F(YZ ~ ))-
vector space and, using F[Y? | — F(YZ? ))((%)p ), an F[Y? " J-module). It
suffices to show that Y, : HO(Uy, (m,JF)®) — H°(Up, (m.F)¢) is bijective, and
by we already know it is injective. Denote by R the injection in . Let
v € H(Uy, (m.F)) and note that ¢ R(v) exists in H(Z§., (m.JF)?). Since H is a
smooth F[Y? ~, Y ~J-module, there exists N > 0 such that %R(v) maps to 0 in

H,ie, %R(v) = R(vo + v1) with v; € HO(U;, (m.F)%). Multiplying by Y} we get

oo

Y R() = YiR(vo + v1), i.e., R(Y{ v) = R(Yivo + Yivy).

Hence Y{v = Yjvy + Yivy, since R is injective, and thus Y v = Yjvg, Yiv; = 0.
Since Yj acts invertibly on H°(Uy, Oy,) we deduce that v = Yy "Yjvy and so Y] is
indeed surjective on H(Up, (m.F)%). Hence R becomes a morphism of F(Y? ~)-
vector spaces. It follows that the cokernel H of R is an F((Y? ™ )-vector space and
at the same time is a smooth F[Y? ~ J-module (by (67)). Therefore H = 0, which

contradicts Theorem [4.3.1] O

4.4 Aside on the trivial Galois representation

For f > 2 we prove that the P-representation H'~*(Zo,., O ZOK) is irreducible smooth.
When f =2 and p > 2 we use this to study the connecting homomorphism

HO(ZE, (1.0 2)%) = HL(GL HY (Zir, Oz)) i (61)).

cts
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.....

U= spa(FO7 ) ((2) o #4) B I{(32) 0 A4)):

Analogously to the proof of [BHH25b) Lemma 2.4.2(i)], for 0 < ip < iy < ... < i <
f —1, we have

U,NU;,N...N7;

Spa (F((Y;ﬁw)) <(?)ipmj ST (;:J)pwj £ i, i1, .. zk> ,

F[[Y;g_m]] <<§j)ip_oi]' =00y (?)p_waj # g, 01, . - - ,Zk>>

In particular, each intersection U;, N ... N U, is affinoid perfectoid, and [KL, Thm.
2.6.5(c)] implies that H7(Uy, N...NUj,, Og, ) = 0 for j > 0. Consequently, by [Stal
Tag 01ET] (and [Stal Tag 01FM]), we have for ¢ > 0 an isomorphism

Hi(ZOK’ OZOK) = ]z[i(ZOKv OZOK>

.....

1 = f — 1 in the above isomorphism gives

f—1
Hf_l(ZOK, OZOK) ~ Coker (@ HO< ﬂ U‘77 Oﬂ#i Uj) — HO(Z(g,)e}I;, OZ(g’)e;)) (68)
=0 jF#i

(recalling that N/, U; = Zg ). Explicitly,
HO(de;I’ OZ(gOe}!;) = AOO
= { Xyl = o},
n=0
—oo Y +p— Y p~>®
0 ) o D e . N A
#0100, ,) =FOZ ) (@) i) )
= S Ay dy >0, [l )] 0o,
n=0
where A\, € F, d, € Z[1/p]’ (recalling the notation (), and iy is a fixed index
different from 7. It follows by that
H' "N (Zoy,0g0,) = P  FYL (69)

de(Z[1/p]<0)!
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Lemma 4.4.1. The P-representation H' ™' (Zo,., O, ) is irreducible and smooth.

Proof. Let V := Hf_l(Z@K,(’)ZoK). From ([69)) it is immediate that the action of
Ny on V' is smooth. We also deduce from the definition of Y; that a(Y;) € Y; + m%o
forall a € 1+ p"Ogk, 0 < i < f —1 and integers r > 0, which implies that the
action of ( ©x ‘i on V is smooth. This shows that V' is a smooth P-representation.
To prove that V' is irreducible, suppose that 0 # v € V and represent v by a finite
sum YN N\, Y%4 € A with d, € (Z[1/p]<)f and A\, € F*. We may assume that
d; < dy < --- < dy in the lexicographic order. If N > 1 we multiply by ¥ % € F[No]
and obtain an element of V' that is of the same form but with NV = 1. Thus we may
assume that v = Y? for some d € (Z[1/p]<)’. Then (Pg" ?)v = y""? and by
taking n large enough and using the Ny-action we can obtain any monomial Y¢ with
c € (Z[1/p]<0)’, proving that V is irreducible. O

Remark 4.4.2. We can make Lemma [£.4.1] a bit more precise: we have an isomor-
phism of irreducible smooth P-representations H'~'(Zo,, Oz, ) = c-Tndfx (x| g ),
where y is as in § .1} See § [4.6] for more details for f = 2.

We now assume f = 2 and study the connecting morphism H O(Zg%e;, m,JF)¢ SLIN
HL (G, H(Zyr, F)) when F = Og,,. From Lemma[3.3.6|we know that (m.Oz, )¢ =
OZoK- By for f = 2 the Mayer—Vietoris sequence for the open cover Zp, =
Uy U U gives a P-equivariant exact sequence

0= HZoy, 0z, ) = H(Us, Oy,) ® H°(Uy, Oy,) — H*(Uy N Uy, Oy,
— H'(Zoy, 0z, ) = 0. (70)

From Lemma and Proposition we deduce:

Corollary 4.4.3. Assume p > 2. The P-representation HL (G,H°(Zyyr,Og..)) is
irreducible, smooth and we have a P-equivariant exact sequence

0— HO(ZOK7 OZOK) — HO(U(), OUO) () HO(Ul, OUl) — HO(UO N Ul, OUoﬂUl)
% HE (G, HYZir,0z,.)) = 0 (T1)

cts

with 6 as in (for F = Oy,..). In particular ¢ is surjective in that case.

One can be a bit more specific. Recall from § [4.3] that we have a P-equivariant
inflation-restriction sequence (writing again H°(Zr) = H(Zir, Oz,.)):

(G/p**, H)(Zyr)?"") — H:

0— Hl CtS(G7 HO(ZLT)) E) Hl(pZ,a’ HO(ZLT))G7

cts

where the last representation is smooth (Corollary forp=1®1).
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Proposition 4.4.4. Assume p > 2. The composition

H(Uy N Uy, Opyrrr,) == H

cts

(G, H*(Zyr)) == HY(p™*, H*(Zyr))¢

is nonzero. In particular we have HY (G/p”, H'(Ziyr)?™™) = 0 and an injection

H\(G,H(Zyr)) — H'(p™*, H*(Z11))°.

Proof. The last sentence follows from the second with the irreducibility in Corollary
. Let us prove the first statement. By surjectivity of the last map in , if
the composition is zero then there is a nonzero P-equivariant map A, = H°(Uy N
U, Ovorn ) — HY (G /D%, HY(Zir)7™).

cts
Let I :=(Yy, Y1) C H(Zo,), as in the first paragraph of the proof of Theorem
4.3.1] we have that the H°(Zo,. )-module H. (G/p%, H*(Zir)?"") is derived complete

with respect to I. Since Yy (or Y7) is invertible in A, by part (2) of [Stal Tag 091P]
any H(Zo,. )-linear map Ao, — H}\ (G /p”, H*(Zyr)?"") is zero, a contradiction. [J

Remark 4.4.5. Proposition is probably still true when p = 2. For p > 2,
even though the P-representation H. (G, H(Zur)) = H'(Zoy, Oz, ) has an ex-
plicit description via and any element of H'(p%® H°(Zyr)) = H°(Zir)/(p* —
1)H®(Zyp) is represented by a polynomial in T, * , T;7?" for some n (see the proof
of Lemma, it seems non-trivial to describe explicitly the P-equivariant injection

res

Heyo(G, HY(Zur)) = H' (p™*, HY(Zir)).

4.5 The morphism H®(Uy, (m.F)%) ® H(Uy, (m.F)¥) — Da_(7)

For f = 2 we prove that the map H®(Uy, (m.JF)%) & H(Uy, (m.F)¢) — H(Uy N
Ui, (m,JF)Y) in cannot be an isomorphism.

Theorem 4.5.1. Suppose f =2 and F any G-equivariant locally free sheaf of finite
rank on Zyr. If F # 0, the map

HO (U, (muF)%) ® HO(Ur, (muF)S) = H°(Ug N UL, (mF))
m cannot be an isomorphism.

We start with a useful basic lemma about Newton polygons. We refer
to [BHHT25b, § 2.3] (and the references therein) for a reminder on B*(C') for C' a
perfect(oid) field containing F.

Lemma 4.5.2. Suppose that C' is a perfect(oid) field containing F and v a continuous
rank 1 additive valuation on C. If x := Y cz[za]p™ converges in BY(C), then the
Newton polygon of x is obtained from the maximal decreasing convex polygon that lies
below the points {(n,v(z,)) : n € Z} in R? by removing all segments of slopes 0 and
00.
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Proof. By [FF18| Ex. 1.6.22], the Newton polygon of x is obtained from the inverse
Legendre transform of the function R.g — R, A — v, (x) by removing all segments of
slopes 0 and co. (Note that oo also needs to be removed! Compare with the sentence
preceding Ex. 1.6.22 or Def. 1.6.18, 1.6.21 in [oc. cit.) By continuity of v, we have
ua(z) = inf,ez{v(z,) + nA} for A > 0. This is precisely the Legendre transform of
the maximal decreasing convex polygon that lies below the points (n, v(z,)) (n € Z),
see [FEF18) § 1.5.1]. The lemma follows. O

Corollary 4.5.3. Keep the notation of Lemma [{.5.9 Suppose that xo,z; € me.
—2n —1—-2n

Then the slopes of the Newton polygon of x := 3 ,czlxh = 1p*" + X pezlrh Jptt e

B*(C)“"q:pz are given by the following.

(i) If -5 < v(xo)/v(x1) < B5HL

o> p_2n+1U(IL’1) —p_2n1}($0) > p_2n1)($0) —p_2n_11)(l‘1)
> p 2 lo(xy) — p o (wg) > -
each with multiplicity 1.

(ii) If v(zg)/v(zq) < pf—ﬁl:

co > p 2y () — p (o) > p P (2) — p 2 20(2) > -

each with multiplicity 2.

(iii) If v(zo) /v(z1) > BEL:

—2n—1

> p " lo(z) — p v(zy) >p !

v(xy) —p_2"_3v(x1) >

each with multiplicity 2.
(We negated slopes, just like in [FF18, § 1.5.1].)

Proof. By Lemma we consider the points vo, := (2n, p~>"v(x¢)) and vg, 41 =

(2n + 1,p~2"'o(z;)). The midpoint between vy, and wvy,.s is given by (2n +

1, 5p72"2(p* 4+ 1)v(x0)) which lies strictly above v,41 if and only if v(zg)/v(zy) >

p22<;l;l' Similarly, the midpoint between vy, 1 and wvs,,1 lies above vy, if and only if
v(x1)/v(x) > 22, The result follows from Lemma 4.5.2 O
p*+1

We now prove Theorem 4.5.1]

Proof. We recall the variables Xy, X; introduced above [BHH™25b, (37)] such that
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F[No] = F[Xo, X1]. For a € (0,1] N Q we let
Vo = {[Xo| = [Xa]" 7 0} € Wi = {[X0] < [Xo| < |X4|* # 0}

which are open affinoid perfectoid subspaces of Uy = {|X1| < |Xo| # 0} (note that
Vi=W1=UyNU;). For a € [1,400) N Q we let

Vo = A{|Xo| = [ X4|* # 0} C W, = {|X1]* < |Xo] < |X4] # 0}

which are open affinoid perfectoid subspaces of Uy = {|Xy| < |X;| # 0}. Note that
Uy NnU; C W, for all . We also remark that all V,,, W, are rational subsets of
SpaF[XY ™, X7 ~]. (We remark that for 1 < a < 2, using [BHHT25b, (50)], we still
have V,, = {|Yo| = |Y1|* # 0} and likewise for W,.)

We divide the proof into several steps.

Step 1. We prove that for a € (22~
G-torsor between perfectoid spaces.

—71,1]NQ the map m™!(V,) — V, is a pro-étale

Let C' be a perfectoid field containing F and v a continuous rank 1 additive val-
nation on C (hence valued in R U {+00}). Let 2 1= F(zq,71) = Snezlth  Jp*" +
Soezlet Tpttn € BH(O)# P (where 2; € O¢ with v(z;) > 0). Let N(z) C
R*\ {0} denote the set of slopes of the Newton polygon of xz. By Corollary it

follows that either 2_5‘;1 <v(xg)/v(z1) < ”227;1 and

N(x) = (po(@1) — v(w0))p™ U (v(zo) — p~lo(21))p™ S RT\{0},  (72)

or N(z) = cp* for some ¢ > 0. Fix a € (-2

1]. We consider the following set for

2+17
ce R\ {0}:
N.:= (pa™" = 1ep” U (1 = (pa) )ep™ S RT\ {0}, (73)
Note that the function f : (—oo,p) = R, = — 1;(5’ f)_ll is strictly increasing, with

f(pfﬁl) = 1%’ f(1) = %, f(5, et ) = 1. In particular the two subsets in are disjoint.

Moreover, we obtain

20 p?H41

27 _ 27§, ( ) = . 4
f()p™ = f(y)p™ for z,y € 21 2 r=1y (74)
If 2 € Vo(C,0O¢), then one has N(z) = Ny, and if © € V,-1(C,O¢), one has
N(x) = Np-1y(ay). Conversely, if 2 = F(xo,21) € B¥(C)#=#" is such that N(z) = N,
for some ¢ > 0, then by above we first deduce that 3 := v(xg)/v(x) satisfies pfﬁl <
v(zo)/v(x1) < 7’22—;1. By the equality of and we deduce that f(8)p*2 =

fla)p®® or f(B1)p** = f(a)p®®, hence f = a or B = o' by (74). Therefore
x € Vo(C,00) UV,-1(C,Oc) if and only if N(z) is of the form for some ¢ > 0.
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Let (F(to), F(t,)) € BH(C)#=P x B+(C)#e=? (where F(t;) := ¥, cp[t! ]p" with
t; € O¢ and v(t;) > 0) and recall (F(to), F(t1)) € m™ (Vo U Va-1)(C,0¢) if and
only if F(to)F(t;) € B*(C)?=" lies in V,(C,O¢) U V,-1(C,O¢). By the previous
discussion (F'(to), F(t1)) € m™ (Vo UV,-1)(C, O¢) if and only if the Newton polygon
of F(ty)F(t1) has slopes for some ¢ > 0. Since this Newton polygon has slopes

(p* = Do(to)p™ U (p° = D)v(ta)p™ (75)

we obtain that (F(ty), F(t1)) € m™(V, U V,-1)(C,Oc¢) if and only if there is ¢ > 0,
o € Sy and mg, m; € Z such that

(P* = Doltoq) = (pa™" = Dep®™, (p° = Dltom) = (1 = (pa)™")ep™,
if and only if there is 0 € S5 and m € Z such that

11— (pa/)il 2m

U(ta(l)) = pa—l — 1 P U(ta(o))

(and recall = (f’f‘ 11 = f(a) & p*2 for a € ( 2Jrl,l]).

For o0 € Sy and n € Z, let Va on be the open affinoid perfectoid subspace of Zyr
) 1

defined by |T,q)| = |T. 0(0)| ra~T-17 " We claim that
_1(Va U Vafl) — U H Va,o,Qm' (76)
oc€So meZ

Indeed, it follows from the previous discussion that the two perfectoid open spaces of
Zyr in have the same rank 1 points. Then the equality follows by exactly
the same arguments as in the proof of [BHHT25b, Prop. 2.4.4] (which treats the case
a =1 for f > 1), replacing the closed V; ()4 sm there by mfl((%pzm)*gn@),
where k = ko is defined as in loc. cit. and sgn(o) € {£1} is the signature of o € 5.

Let us prove that m='(V, U V,-1) = V, UV, -1 is a pro-étale G-torsor. If a = 1
(in which case V,, = V-1 = V4), this is [BHH™25b, Cor. 2.4.5], hence we can assume

a € (pf_’il, 1). Then V, and V,-1 are two disjoint affinoid open subspaces of Zo,,

and since 1;055)7?111 € (p72,p1), one checks (since f(a) ¢ p” for a # 1) that the

decomposition is also disjoint, i.e., we have

Vo Ve) =TT II Vawom:

oc€So meZ

Moreover S, preserves each [l,cg, Vaoom (sending each open to the other one),
O* preserves each V, ;2. (looking at rank 1 points as in the proof of [BHH"25b)
Prop. 2.4.4]) and (p,p™!) sends V,, 9, to Vi,0.2m—asgn(o)- Then one can again apply
the same argument as in the last two paragraphs of the proof of loc. cit. to deduce that
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m~ Y (Vo UV,41) — Vo, UV, is a pro-étale G-torsor. Finally, since V,, (resp. m~(V},))
is open in VUV, -1 (resp. m 1 (V,LUV,-1)), it follows that m~*(V,) — V,, is a pro-étale
G-torsor between perfectoid spaces as well.

We can determine m~!(V,), at least under slightly stronger conditions on «.
Let (to,tl) S Vmid’o(c, Oc), i.e., (to,tl) c OC X OC with U(t,’) > 0 and U(tl) =
Mv(to), and let x = F(to)F(t1) € Vo(C,0¢) U Vo-1(C,O¢) which we write

pa—1l-1
P+ Znez[:ﬁ’filih]pl””. Assume that « is such that 1}:6557?)_;1 >
zﬁ (instead of # previously) or equivalently o € (% - z%’ 1). Arguing as in the

proof of [BHH™25D, Lemma 2.9.2] with (C,O¢) instead of (A% ,(A’.)°) and with

1—( a)71
ltot| = |to]'" 1T instead of p~¢ (where |-| is defined by v(-) = —log(|-|), note that
[t] | < |tot1] for i = 0,1 and n > 1 by our assumption on «), the same argument gives
in OCZ

as © = Yoezlth ]

—1 —1 —1
‘33'0 — t0t1’ < ‘totly and ‘l’}f — (tg t1 +t0t(f )‘ < ’totl‘

Since |tot1] < \totfl\ < ]tgfltll, we deduce v(zg) = v(tot1) and v(xzy) = v(tgfltﬁ’),
equivalently v(z¢) = p’;_,”l:lla’lv(to) and v(zry) = p’;é_,ﬁ:llv(tg), hence v(x1) = av(xg)

ie., z € V,-1(C,0¢). We deduce that m(V,d,0) € V,-1, and hence by using the G-
action that m(Il,cs, [Tme2z Va,o2m) € Va—1. By applying the action of (p, 1) we then
deduce using [BHH"25b, (38)] that m([1,cs, [Tmeiroz Vaoom) € Va. In particular,

for a € (% — z%’ 1] it follows that

m_l(voz) = H H Va,a,Zm and m_l(Voﬁl) = H H Va,a,?m

0€S2 mE1+2Z 0€S2 me2Z
(note that when o = 1 these spaces are equal).

Step 2. We prove that for a € (% - 1%’ 1] N Q the map m~Y(W,) — W, is a

pro-étale G-torsor between perfectoid spaces.

When a = 1 this is [BHH™25b, Cor. 2.4.5], hence we can assume «a < 1. For
o€ Syand n € Z, let W, be the open affinoid perfectoid subspace of Zyr defined
n—1 M n 1—(pa)_1

by [Too)"" " < |Tom| < |To| =" Using - Iy
checks that the intervals

1—(pa)™" 5. —1} { T e }
———p*" p" , m— ™omel+ 27
e e e T LR

are pairwise disjoint in R,. Hence for o € Sy and m € 1+2Z the W, , o,,, are pairwise
disjoint in Zpr (the assumption m € 1427 is important as the W, 52, for m € Z are

not pairwise disjoint, as then each p*™~! is contained in two of the intervals above).

We claim that
m_l(Wa) = H H Wa o.2m- (77)

o€S2 mel1+27Z

€ (p~%,p71), one easily

65



Indeed, let C' be a perfectoid field containing F and v = —log|-| a continuous rank
1 additive valuation on C' (valued in RU {+00}). Let z = F(zo,x,) € BH(C)#="’
with z; € O¢ and v(z;) > 0, and let (¢o,t1) € Oc x O¢ with v(t;) > 0 such that
x = F(tg)F(t1). Replacing a by 8 := v(xg)/v(x1) € R \ {0}, exactly the same
arguments as in Step 1 (including its last paragraph) show that § € [a, 1] if and only
if f(a)p*™ < v(to))/v(ta)) < p*™ ! for some o € Sy and m € 1+ 2Z (recall that
f(z) is strictly 1ncreasmg for x < p and that f(1) = 1/p). We deduce that the two
perfectoid open subspaces of Zir in have the same rank 1 points. Then ([77))
follows by the same argument as in the proof of [BHH"25b, Prop. 2.4.4] (replacing
the Vo(u)+fm there by the s~ ([f(a)p®™,p*"7Y]) and £~ ([p"=*", f(a)~'p~>"]) for
mel —|— QZ with kK = ko1 as in loc. cit.). Finally, G acts on the W, ;5 9,, similarly as
on the V,, 52, in Step 1, and by the same argument we obtain that m~'(W,) — W,
is a pro-étale G-torsor between perfectoid spaces.

Step 3. We assume that the map in the statement is an isomorphism and
prove that, for a € (f — p— 1] N Q and moreover o' € Z[1/p|, the restriction map

H°(Uy, (m,F)Y) — HO(VQ, (m,JF)%) is injective.

Assume a € (% — ]%, 1] N Q. Then by Step 2 and descent of vector bundles

([SW20, Lemma 17.1.8]) the Oy, -module (m.F)%|w, is locally free of finite rank.
Since W, is affinoid, we deduce that ((m,F)%)(W,) is a locally free Ozo, (Wa)-
module of finite rank. Moreover, since V, C W, is also affinoid, we have
(M F)9) (Vo) = (M. F))(Wa) @0y, W) Ozo,, (Va)-

As o' € Z[1/p], by Lemma below the restriction map Oy, (W,) —
Oz, (Va) is injective. Let M be a free O, (W,)-module of finite rank such that

the Oz, (Wa)-module ((m.F)%)(W,) is a direct summand of M. Since the map
M — M ®o,, w.) Oz, (V,,) is injective and since the (injective) composition
K

((m*]:)G)(Wa) MM ®OZO (Wa) OZ(DK (Va)

(M. F)9)(Wa) @0, wWa) Ozo, (Va), we
(m.F))(Wa) = ((m*f)c)(Va)-

Now, the restriction map ((m.F)%)(Uy) — ((m.F)¥)(Uy N Uy) is injective as
follows from the assumption in Step 3. Since Uy N U; C W, C Uy, it factors through

the restriction map ((m.JF))(Up) — ((m.F)%)(W,) which is therefore also injective.
Using the previous paragraph, we finally deduce that the composition

factors through the map ((m.F)%)(W,) —

deduce that the latter is also injective, i.e.

(
» (

(M F)) (Vo) = ((muF)F)(Wa) = (maF))(Va)
is injective.

Step 4. We assume that the map in the statement is an isomorphism and
prove that H°(U;, (m.JF)¢) for j = 0,1 is a topological A,-module compatibly with
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its H°(U;, Oy, )-module structure such that the restriction map H°(U;, (m.F)¢) —
HO(Uy N Uy, (m,JF)C) is an Ay-linear closed embedding.

By assumption the restriction maps induce an isomorphism
R : H(Uy, (m,F)%) & H*(Uy, (m,F)®) = H(Uy N Uy, (m.F)“) (78)

of IF[[X{OO,X{’ 7w]]-modules. As Xy, X, act invertibly on the right side, the same is
true for each direct summand on the left side (cf. the proof of Corollary [4.3.5)), which

> 1

means in particular that each HO(U;, (m,JF)€) is canonically a F[ X2 ~, XV~ llxx)

module and that R is F[X? ~, X7 7] [ﬁ]—linear, and moreover the restriction of R
to the first direct summand in is F((Xg_oo))((&)p_ )[Xil]—linear. In particular

Xo
HO(Uy, (m,, F)%) is an F(X? "~ ))-vector space.

Now we prove that R is a topological isomorphism. Recall first
that H'(m (), F) = H°(m Y (Up), Oz, )%* (forgetting the group actions) is a
Fréchet space (over F((X2 7)) by the discussion in § . As H°(Uy, (m, JF)¢) =
H(m~Y(Uy), F)¢ is a closed subspace of H°(m~1(Uy), F), it is also a Fréchet space.
In particular it has a countable fundamental system of neighborhoods of 0. Moreover
HO(Uy, (m,F)C) is a topological F(X? ~))-vector space, i.e., the natural map (from
the previous paragraph)

F(XT ™) x H(Uo, (m.F)) = H°(Up, (m.F)9)

is continuous. (It suffices to show that each element of F(X? ")) acts continuously
on HO(Uy, (m,F)¥). This is clear, as each X7, r € Z[1/p]so induces a continuous
bijection, hence homeomorphism, between Fréchet spaces.) Hence H°(Uy, (m.JF)%)
is a complete topological F(X? ~ )-vector space having a countable fundamental
system of neighborhoods of 0. Likewise H(Uy, (m,F)%) and H(UyNUy, (m,F)%) are
complete topological F((X? ~ ))-vector spaces, each having a countable fundamental
system of neighborhoods of 0 (though here we directly have the F(X? ~ )-action). As
the map R is moreover F((X? ™ ))-linear we deduce by [Mor, Thm. I1.4.1.1] that R is a

(oo} oo 1

topological isomorphism. By the first paragraph of the proof, F[X% —, X7 ][ ox)
stabilizes the direct sum decomposition of H(Uy N Uy, (m,F)%) given by (the image
of) R. Note that F[X§ ~, XI55,
H(UyN Uy, (m,F)%). As the direct summands are closed by the previous paragraph,
we deduce that A, stabilizes the direct sum decomposition of H°(Uy N Uy, (m.JF)).
Via restriction, we therefore obtain a topological action of A, on H°(U;, (m.JF)%),
which extends the given action of H°(U;, Oy,).

] is dense in A, which acts continuously on

Step 5. We assume that the map in the statement is an isomorphism and prove

that, for a € (p22£1: 1) N Q, the restriction map H®(Uy, (m.F)¢) — H°(Vy, (m.F)%)

is zero, yielding a contradiction with Step 3 when a~! € Z[1/p].
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Write res for the restriction map res : HO(Up, (m,.F)Y) — HO(V,, (m.F)).
Note that X7 acts invertibly on both sides, using Step 4 for the left side, so res
is HO(Uy, (’)UO)[X%]—linear. Let v be a nonzero element of H°(Uy, (m.F)%) and assume
that its image res(v) is nonzero. Let N,n be positive integers. Since

X\ Nn X\"/ X\ Vn
X?(X?) :XO(X;) (X?) — 0in Ay as n — 400,

by Step 4 we deduce that X{Z(%)N"v — 0 in H°(Uy, (m,JF)¢) as n — +oo. By
continuity of the restriction map res, we deduce for any positive integer N that

N XO Nn " XO Nn ) B a

res (Xl () v) = X] <> res(v) — 0 in H"(V,, (m.F)™) as n — +o00. (79)
X4 X4

Let Ay oo = F(Va,C’)ZOK). As in Step 3, H(V,, (m.F)%) is a locally free A, -

module of finite rank (using Step 1). We fix a free A, -module M of finite rank

containing H°(V,, (m,F)¢) as a direct summand. Replacing res(v) by one of its

nonzero coordinates in a basis of M over A, o, implies there is a nonzero element

X0\ V" :
a € Ay o such that X?(X—‘;) a—0in Ay as n — +00.

Recall a point = of V, corresponds to an equivalence class of continuous multiplica-
tive seminorm |-|, : A, — ['U{0} where I is a totally ordered abelian group (written
multiplicatively). Also recall that V,, is perfectoid, hence uniform and analytic. Since
a # 0 there exists z € V,, such that |a|, # 0 by [SW20, Thm. 5.2.1]. Replacing x by
its maximal generization Z as in [SW20), Prop. 4.2.5] we may assume that 2 has rank
1 and that ||, is valued in R>q. Since ||, is continuous, from the previous paragraph

Nn
we have |X{‘(§—T) |z|lal. — 0in R as n — +o0 for any positive integer N. Moreover,

by definition of V,, and using o < 1, we have | X;|, = |Xo|2 " < |Xo|. (< 1). Taking
N > 0 such that (|§—(1) )N > | X1|;!, which is possible as ]ﬁ—‘”z > 1, since |al, # 0

Nn
we cannot have |X{L<§—?) |z|alz — 0 in R. It follows that we must have res(v) = 0,
contradiction. Hence res = 0.

Suppose now moreover that o~ € Z[1/p]. Then res is injective by Step 3, so
H(Uy, (m,F)¥) = 0 and by symmetry H°(Uy, (m,F)¢) = 0. By our assumption
we deduce that HO(Uy N Uy, (m.F)¢) = 0, but this is a free Ao -module of the same
(positive) rank as F. This contradiction completes the proof of Theorem [4.5.1 O

Lemma 4.5.4. In Step 3, if a=' € Z[1/p] N Ry, the restriction map H°(W,) —
H°(V,,) is injective.

Proof. First note: if (A, A1) is any Huber pair of characteristic p, then the perfection
(Aperf Atpert) ig o Huber pair. (If Ay with I-adic topology is a ring of definition
of A, then AP with TAS-adic topology is a ring of definition of APf) Then
Spa (APt Atpert) 5 Spa(A, A*) is a homeomorphism that identifies rational open
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subsets (cf. the proof of [Schi2, Prop. 6.11(i)]) and likewise for completions [SW20,
Prop. 2.3.9]. Moreover a rational open subset Spa(B, BT) in Spa(A, A1) has preimage

Spa(g’\erf, tﬁ\lﬁ’erf) in Spa(@,@) (cf. the proof of [Sch12l Prop. 6.11(ii)]).

Write a = m/d for some positive integers m < d. If W2 (resp. V.?) denotes the ra-
tional subset {|X;| < |Xo| < |X1]* # 0} (resp. {|Xo| = |X1|* # 0}) in SpaF[X,, X1],
then its preimage in SpaF[X? ~, X? "] is given by W, (resp. V). Hence HO(W,)
is given by the completed perfection of

HOV) = RO 3 0 ) S FEZ W)W =X (50
and HY(V,) is the completed perfection of
d 1
e = Roa) (3 (35) ) =z e - X )

Using crucially that m = p" one verifies that after perfection we have a sequence
of topological abelian groups

0 = F(Xo)P = {F(Xo) (201 @ {F(Xo) (W)} — HOWO™ = 0

where the first map is antidiagonal and the second is addition, and that this sequence
is in fact strict. Hence after completion we obtain

oo oo oo 0o

0= F(X5 ) = F(X§ )28 ) eF(XF )W ™) = H(W,) — 0.

Likewise, but more easily, we obtain that the natural map

oo

F(XE DWW 7) = HY(V)

is a homeomorphism. The restriction map H°(W,,) — HY(V,) is then injective be-
cause the F((X? ~)-linear continuous map

e} oo oo e}

F(XE )27 ") e F(XE )W ™) = F(XE )W),

]

sending W?" to W™ and ZVP" to (X§ P W-1)/2""" has kernel F(XZ ). O

We finally provide a slight strengthening to Theorem [4.5.1]

Corollary 4.5.5. Suppose f =2 and F any G-equivariant locally free sheaf of finite
rank on Zyr. If F # 0, the map

HO(UOa (m*‘F)G) D HO(Uh (m*‘F)G) — HO(UO N Ula (m*‘F)G)
n cannot be injective with cokernel that is smooth as H(Zo,.)-module.
Proof. The argument of the proof of Corollary applies (replacing the last term
in by the cokernel) to show that the cokernel is zero, hence the result follows
from Theorem H5.1] O
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4.6 The principal series case II

We briefly discuss the analog of Questions [4.3.2]in the much simpler principal series

case. Namely, we assume 7,(1) = (’8 ;2), 7 = Ind§(x5'w ® x7') and consider the

rank 1 subsheaf F,, of 75, 1). We keep the same notation as in §[3.4and write J := 7.

We let o := ker(J — F(x5'w®x1")) denote its unique irreducible P-subrepresen-
tation, cf. (uniqueness follows from the assumption that 7, is sufficiently generic,
so that xox; = # w). Recall that we have an isomorphism of (¢, O )-modules D 4(J) =
D%(x1) over A, which is unique up to F* by [BHH'25al, Cor. 3.9]. We claim that the
image of the P-equivariant map

¢: DY _(xi") = Homa, (Da(J), Ax) = J ® X (82)
constructed in § [4.1] is isomorphic to the image of the P-equivariant map
¢ DR 0G") = HY ™, HO(F))° (53)
constructed in § 4.3 and that both are isomorphic to o ® x.

We first justify this claim assuming the following two assertions:

(i) the image of € equals o ® y;

(ii) the kernel of € equals A e, where e is the basis of D _(x7") dual to the basis
% of Da_(J) and where

AL = { SNY Y € A tan > 0o0r b, >0 Vn}.

n=0

For short, let G -1 := (m*]—"xl_l)G. Recall that F, -1+ = Og, if we only remember
the G-action and hence G -1 = Og,, as sheaves (without K *-actions).

By combining Corollary and Proposition [4.4.4] (and Proposition [B.1)) we get

an exact sequence

HO(U(), OUO) e, HO(Ul, OUl) — HO(U() N Ul, OUoﬂUl) — Hl(ZOK, OZOK)
~ gl (G, H(Zyy)) — H' (p™*, H*(Zy1))C.

cts

(84)

and hence, taking into account residual K *-actions, an exact sequence of P-represen-
tations

H(Up, G, 1) @ H°(U1,G, 1) = H(UyN U1, G, 1) = H' (Zoy, G -1)
~ ! (G, HO<ZLT,.FX1—1>) — H1<pZ’a, H0<ZLT,.FX1—1))G.

cts
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Thus the kernel of ¢ equals the image of H°(Up, G 1) ® H°(U1,G,-1) — H°(Up N
U,G-1) = Da, (x1'). By the explicit description of the first map in (84]) given
in (68), (and twisting by x7'), the kernel of ¢ is given by AZe, i.e., it is equal

to the kernel of €, which completes the proof of the claim.

It remains to prove assertions (i) and (ii). For (i), by construction the map e is
obtained from

Hom4(Da(J), A) — Homg™™(DA(J),F) ® x = Homg™(JY, F)@ x =J @ x  (85)
by passing to hﬂ¢ and then completing, where ¢ acts as precomposition by v on the

. p 0 . . . .
middle term and as (0 1) on the right. Passing to hg(p gives

Aoy ® Homu (D a(J), A) — Hom™ (lim D 4(J),F) @ x
(U
— Hom™ (J",F)® x = J @ X, (86)

where the second map is obtained by dualizing the map © of Lemma[2.4.2] so that the
image of is contained in the unique subrepresentation of J ® x of codimension 1,
namely o ® x. By continuity, the image of € is contained in ¢ ® x and hence is equal
to 0 ® x, as € is nonzero by and o is irreducible.

We prove assertion (ii). By (i) it suffices to show that the kernel of ¢ contains
Ale, as A /AL is an irreducible P-representation by (the proof of) Lemma [4.4.1]
and e is nonzero. Factor as

Hom (D 4(J), A) = Homi™ (DA(J), F) ® x — Hom&™ (DA(J)AF) @ x — J @ x.

Using the basis & of D4(J) we can identify Da(J) = A and D4(J)* = F[Ny], cf.
§ 3.4l Tt thus suffices to ignore the final map and show that the composition

A = Homyu (A, A) — Homg”™ (F[No], F)

kills AT := AN AZ. Unwinding definitions, we need to show that u(A*-F[Ny]) = 0,
or equivalently p(A%) =0, where p: A — F is the map of [BHHT25b, § 3.3]. Write
F[No] = F[Zy, Z1] as in loc. cit., so that A is the completed localization of F[Ny]
at ZyZ,. By [BHHT25b, (80)] we see that p kills A" = {>0° N\ Zg"Z" € A :
an > 0 or b, > 0 for all n} (note that the term [T;(1 + 7;)~" in loc. cit. is contained
in F[Ny]). By using that Z; € ; + m%[[NO]] it easily follows that A" = A*.

We have finished proving (i) and (ii) and hence the claim that the maps and
have isomorphic images.
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A Digression on continuous group cohomology

We make a couple of elementary observations about continuous group cohomology,
which can be verified from the definitions and which we use in § [4]

We assume that G is a topological group and consider the category of topological
G-modules, having as objects topological abelian groups endowed with a continuous
action of G and as morphisms continuous group homomorphisms (as in [Tat76]). For
any topological G-module A we have

Hy (G, A) = H'(G,A),  Hy(G,A) € H'(G,A).
If0—-A— B — C — 0is an exact sequence of topological G-modules with the
injection A — B strict (i.e., a closed embedding) it is an easy exercise (left to the
reader) to check that we have a long exact sequence
0— H°(G,A) — H°(G,B) - H(G,C) - H.,(G,A) — H,

cts cts

(G, B)
— H!

cts(G7 C) : (87)

If N is a closed subgroup of GG, then one can again easily check that we have an exact
inflation-restriction sequence

0— HL(G/N,AN) — H!

cts cts

(G, A) — H}

cts<N7 A)G/N‘ (88>
Lemma A.1l. Suppose that I' = Z; and that M is a topological Z,-module equipped
with a continuous action of I'. If M is separated and complete with respect to a
(Z-)linear topology, then HE (T, M) is computed by the Koszul complex defined by
Y1 —1,...,9 — 1 acting on M, where vy, ...,7, denote topological generators of I
In particular, H (T, M) =0 if i >n and H% (T, M) = My (T-coinvariants).

Proof. We pass to the condensed world [CS] by using the condensation functor X
X of loc. cit. Then M is a condensed Z,-module equipped with a I-action. By
our assumption on the topology of M, M is solid as a condensed abelian group
([BSSW|, Lemma 3.2.1]) and hence solid as Z,-module ([RJRC22, Rk. 2.14]). Hence,
by [Bosl, Prop. B.3] we deduce that the condensed group cohomology RHomyr(Z, M)
is quasi-isomorphic to the Koszul complex defined by v, — 1,...,7, — 1 acting on M.
Evaluating at a point x and taking cohomology we obtain the result by [Bos, Prop.

B.2]. 0

B Sheaf cohomology versus continuous group co-
homology

We put ourselves in the setting of §4.4, The goal of this appendix is to prove Propo-
sition using Proposition below. As it is going to play a pivotal role, we start
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by recalling in this context what it means for a locally profinite group to act freely
and how we think of the quotient space.

Let Perf be the category of perfectoid spaces of characteristic p (we have Perf =
Perfp, with the notation of § . Let X be an object of Perf. Let H be a locally
profinite group acting on X. This means that there is a map of perfectoid spaces
a: H x X — X which is a group action. (Recall that H is the sheaf defined by
H(W) = C(|W|,H) and H x X is a perfectoid space as a consequence of [Schl,
Ex. 11.12]). We assume that H acts freely on X, i.e., that for any pair (k, k™) where
k is perfectoid and kT is an open and bounded valuation ring of k, the action of H
on X (k,k™) has trivial stabilizers. It follows from [Schl Prop. 5.3] that the map of
perfectoid spaces H x X — X x X is an injection. As H x X is an equivalence
relation in X x X and the projection map H x X — X is proétale (it suffices to check
one projection, by symmetry of the equivalence relation), the quotient Y = X/H of
X by the equivalence relation H x X in the category of sheaves over Perf with the
proétale topology is a diamond, the map X — Y is quasiproétale surjective and we
have an isomorphism of perfectoid spaces H x X — X xy X [Schl Prop. 11.3] so that
the map X — Y is a proétale H-torsor [Schl, Def. 10.12, Lemma 10.13].

Proposition B.1. For all p > f and ¢+ > 0 we have a canonical P-equivariant
isomorphism A A
HZ(ZOIO OZOK) — Héts(G7 OZLT(ZLT))'

Proof. We recall that we have an action G X Zir — Zpr and we claim that the
subgroup H := ker((K*)! — K*) = (K*)/ N G acts freely on Zpp. It suffices to
show that K* acts freely on SpaF (79 ™)), namely (e.g., see [BHHT25b| (27)]) that
K> has trivial stabilizers on k°°\ {0} for pairs (k, k™) as above; this is true because
the K *-action is the restriction of a ring action of K on k°°. (Here k°° denotes the
topologically nilpotent elements in k.)

Let H' := (p*)/ NG C H, so that G/H' is profinite and we observe that Zpr/H’ is
a qcqs perfectoid space. (It is quasi-compact perfectoid by (the proof of) Lemmam
and it is quasi-separated, since Zy is quasi-separated, as it is an increasing union of
affinoid open subsets, and Zyr — Zyr/H’ is a local isomorphism.) We need to check
that m’' : Zyp/H' — Zo,. is quasiproétale. Note that the H'-torsor Zyr — Zyr/H'
is quasiproétale by [Schl, Lemma 10.13] and the composition m : Zir — Zo, is
quasiproétale by [Far2(, Lemma 7.6]. On the other hand, we note that m’ is separated.
(It is gs since both domain and target are gs, and then separatedness follows from
[Schl Prop. 10.9] using that any Spa(k, Oy)-point of Zyr/H', where k is any perfectoid
field, lifts to Zyr, and Zyr is partially proper.) Then m' is quasiproétale by [Schl,
Prop. 11.30]. Therefore the result is a consequence of Proposition below (where
we need p > f). O

Corollary B.2. Forp > f and i > f — 1 we have H!

cts

(G7 OZLT(ZLT)) =0.
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Proof. Note first that Zp,. is a locally spectral topological space that is also quasi-
compact and quasi-separated, cf. § . Hence it is spectral (e.g. see [Morl,
Prop. 1.2.2.9(iii)]). But the cohomology of any spectral topological spaces vanishes in
degree greater than its dimension (see for instance [Stal, Tag 0A3G]). Since Zp,. has
dimension f — 1, the statement follows from Proposition [B.1} m

We will work toward the remaining goal of verifying Proposition[B.8] We discussed
free quotients above. Now we consider quotients of perfectoid spaces by (possibly)
non-free actions of locally profinite groups. Let us give some general results.

Lemma B.3. Let X be a perfectoid space of characteristic p and G a locally profinite
group acting on X. Assume that the quotient X/G is representable by a perfectoid
space Z. Then the topological space |Z| is homeomorphic to the quotient space | X|/G.

Proof. Let R:= X xz X € Perf. Then the quotient v-stack X/R is in fact a v-sheaf,
which is isomorphic to Z. On the other hand, we have a surjection of v-sheaves
R:=Gx X — R, (g,2) — (x,gz), and hence by [Schl Prop. 12.7] we deduce that
|X|/|R| = |Z] as topological spaces. Finally observe that |R| = G x |X|, so that
|X|/|R| = |X|/G. (Alternatively we may observe that [Sch, Prop. 11.13] applies with
the equivalence relation R to deduce that |X|/|R| = |Z]|. Here we observe that the
proof of loc. cit. applies despite not assuming that the projections R — X are proétale
since R is of the form X x, X for some Z € Perf. Finally we use that |R| — |R)|,
as any map in Perf that is surjective as v-sheaves is set-theoretically surjective, as
v-covers are set-theoretically surjective.) O

Proposition B.4. Let X be a qcqs perfectoid space of characteristic p and G a
profinite group acting on X. Assume that the quotient X/G is representable by a
quasi-separated perfectoid space Z and that the map X — Z is quasiproétale. Let
H C G be an open normal subgroup acting freely on X and let Y = X/H which is a
diamond. Then, for any totally disconnected perfectoid space Z' over Z, the diamond
Y Xz Z' is affinoid perfectoid.

Before initiating the proof of the proposition, we start with a lemma.

Lemma B.5. Suppose that f 'Y — Z is a map of diamonds. Then for any open
subdiamond V' C Z, the preimage Y Xz V' is the open subdiamond whose underlying
topological space is |Y x5z V| = Y] X7 |V|.

By an open subdiamond of a diamond Y we mean an open subfunctor Y/ — Y
(i.e., for any T" € Perf the base change T' Xy Y’ — T is an open immersion in Perf).

Proof. 1t is clear that Y x 7 V' is an open subdiamond, so that in particular |Y xz V|
is an open subspace of |Y'| by [Schl Prop. 11.15]. It remains to show that the natural
map |Y Xz V| = |Y| x|z |V] is bijective, which follows from [Sch, Prop. 11.13]. [
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We also briefly recall connected components of spatial diamonds. If Y is a spatial
diamond [Schl Def. 11.17], then |Y| is spectral and open subfunctors U C Y corre-
spond bijectively to open subsets |U| C |Y'|. Such a U can be recovered from the open
subset |U| via U(T) = {T — Y : |T| — |Y| factors through |U|} [Sch, Prop. 11.15].
Fix now a connected component |Y.| C |Y|. Then we can define Y, as a subdiamond
of Y as follows: Y, :=1lim U, where U runs over all open subfunctors of Y such that
|Y.| C |U] is a clopen subset. Indeed, Y, is a diamond and its underlying topological
space is |Y.| = L |U| (JSchl, Lemma 11.22]%), which is the subspace |Y.| of |Y| that
we started with, since in any spectral space a connected component is the intersection
of all clopen subsets containing it. Moreover, by construction,

Y(T)=A{T — Y : |T| — |Y| factors through |Y.|}. (89)

If Y is perfectoid, then Y, is perfectoid by [Schl Prop. 6.5] (checking over each affi-
noid open of Y, noting also that a clopen subspace of an affinoid perfectoid space
Spa(A, A™) is affinoid perfectoid, since it corresponds to an idempotent of A™).

Proof of Proposition[B.4 First, it is easy to check that if W — Z is any map in
Perf with W qcqgs, then X xz W — W satisfies the assumptions of the lemma, as
(X xzW)/G = (X/G)xz W =W and X xz W is qegs. Hence we may assume that
Z is totally disconnected, so that Z is in particular affinoid [Schl Lemma 7.5].

We suppose first that Z is moreover connected, i.e., Z = Spa(k, k') for some
perfectoid field k and some open bounded valuation ring k% (cf. [Schl, Prop. 1.15]).
As H acts freely on X, the quotient Y = X/H is a diamond and the map X — Y is
quasiproétale (see the discussion before Lemma . Let Z = Spa(C,C*) — Z be
a proétale surjective map with (C, Ct) an algebralcally closed perfectoid field. Let
X =XxzZandY =Y x;Z. Asthemap X — Z is quasiproétale and Z is strictly
totally disconnected ([Schl Def. 1.14]), the map X — Z is proétale by definition
([Schl Def. 1.20]). As Z represents the quotient of X by G, the space Z represents
the quotient of X by G. It follows from Lemma [B.3|that |Z]| is the quotient of | X|
by the action of G. Let z € X be in the preimage of the closed point of Z. There
exists an affinoid perfectoid neighborhood U of z in X such that U — Z is affinoid
proétale. Therefore U is isomorphic to Z x S for some profinite set S so that the
localization of X at x is isomorphic to Spa(C,C™") (cf. for instance [SW20, Rk. 8.2.3]).
Let H' C G be the stabilizer of x, which is a finite group, as H acts freely on X. As
the localization of X at x is a totally ordered set of generizations of x [Mor, Lemma
I11.5.1.8], it follows that H' is also the stabilizer of any point of X,. Therefore we
have a G-equivariant map of perfectoid spaces f : G/H' x Spa(C,C*) — X. As 7
is exactly the quotient of X by G, and by using Lemma , it follows that the map
f is bijective on the underlying topological spaces. It follows from [Schl, Lemma 5.4]
that f is an isomorphism, as all residue fields of X are isomorphic to C.

2The transition maps are qcgs, since each U is qcqs by [Schl Prop. 11.19(iii)].
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It follows that Y = G/(H'-H) x Z is therefore an affinoid perfectoid space.

Moreover the map ¥ — Z is clearly finite étale. As Z is totally disconnected and
Z. Z,Y are all affinoid perfectoid, it follows from [Schl, Prop. 9.3, Cor. 9.11(iii)] (see
also [SW20, Thm. 9.1.3(1),(4)]) that Y descends to an affinoid perfectoid space finite
étale over Z, i.e., that Y is affinoid perfectoid and that the map Y — Z is finite étale.
Hence Y = Spa(A, A") with k(z) — A a finite étale ring homomorphism.

Now suppose that Z is an arbitrary totally disconnected space in Perf. We check
that the diamond Y = X/H is spatial. The map X — Y is surjective, quasiproétale,
and universally open by [Sch, Lemma 10.13]. By [Schl Prop. 11.24] it is enough to
show that Y is qeqgs as v-sheaf (as defined in [Schl § 8]). As X is qc and X — Y is
surjective, it follows that Y is qc. To check that Y is gs, by the discussion preceding
[Schl Prop. 8.3] (using X qcgs and X — Y surjective), it suffices to check that X xy X
is qc. But X xy X = H x X, which is qc, as H profinite and X is qc.

To show the result, we will show that Y is affinoid perfectoid by showing that any
connected component of Y is affinoid perfectoid and applying [Schl, Lemma 11.27].
Fix now a connected component Y, of Y and let Z. denote the connected component
of Z that contains the image of Y, so that Z. = Spa(k, k™) as in the first part of the
proof. Using we obtain a map of diamonds Y, — Z. and hence a commutative

diagram
Ye
xx 7.

Y——7

where Y/ :=Y x Z,. is affinoid perfectoid by the first part of the proof. Note that
we have subfunctors Y. C Y/ C Y and Z. C Z. For any clopen subfunctor V' C Z we
have |Y x V| = |Y] x|z |V| by Lemma which is qegs, as it is open and closed in
Y| and |Y| is qegs by above. Moreover, [Y/| = [lim _ (Y xzV)|=1lm__ |Y'xzV]|=
l'&nzev(|Y| X1z [V]) = Y] Xz fm V| = Y| x|z | Zc| (using [Sch, Lemma 11.22],
noting that the transition maps in l‘glzev(Y Xz V) are qcgs, as each term is qcgs).
It follows that

Y(T)={T =Y :|T| — |Y| factors through |Y/|}. (90)

In particular, |Y,| C |Y!| C |Y| carry subspace topologies, so that |Y.| is also
a connected component of |Y!| (as topological spaces). Hence Y. is a connected
component of Y/ (as diamonds) by comparing , and using the discussion
preceding . We conclude as any connected component of an affinoid perfectoid
space is affinoid perfectoid [Sch, Prop. 6.5]. ]
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Now we want to make precise what we mean by equivariant vector bundles over
perfectoid spaces.

Let F be a vector bundle over X € Perf, i.e., a locally finite free sheaf of Ox-
modules. We keep ourselves in the setting where the locally profinite group H acts
freely on X. An H-equivariant structure on JF is the data of Ox-linear isomorphisms
cn i F = h*F for all h € H such that, for h,h' € H, we have ¢y = (B')*(cp) o cp.
Giving a map ¢, is equivalent to giving a family of isomorphisms ¢,y @ F(U) —
F(h(U)) for U open in X such that, for s € F(U) and f € Ox(U), we have c,(fs) =
h(f)en(s), with h(f) = f(h™!). We require moreover a continuity condition which
is the following: for any quasi-compact open subset U C X and any compact open
subgroup H' C H such that H'U = U, the action of H' on the Banach space F(U)
is continuous. (Note that such H’ always exist by continuity of the map |o| : |H X
X| = H x |X| = |X|.) An H-equivariant structure on a vector bundle over X
is equivalent to an isomorphism 6 : priF = a*F of Oyyx-modules over H x X
satisfying 3*(0) o pry3(0) = 7*(0) over H x H x X where pry is the projection
(pry, pry) on Hx X, B1is (pry, a), 7 is (u, pry) (where u is the group law on H). Indeed,
pulling back such an isomorphism 6 along the section X — H x X corresponding
to x + (h,z) gives an isomorphism ¢, and the family (cj) satisfies the properties
of an H-structure on F. The continuity condition comes from the fact that, for
any U C X quasi-compact open subset and any compact open H' C H subgroup
such that H'U = U, by taking sections over H’ x U, the isomorphism 6 induces an
endomorphism of (pr3F)(H x U) = (o*F)(H x U) = C°(H',F(U)) [Heu22, (2.1)]
which is given by f — (h+— h- f(h)). The existence of this isomorphism proves the
continuity of the action. Conversely assume that we have an H-equivariant structure
over F satisfying our continuity condition. For any = € X, there is a quasi-compact
open neighborhood U of x and a compact open subgroup H' C H such that H'U = U
and such that F is free over U. The group H' acts continuously on F(U) which
allows us to construct the isomorphism 6 : (pryF)(H' x U) = (o*F)(H' x U) using
the formula above.

If X € Perf we denote by Xpet its proétale site [Sch, Def. 8.1] and if ¥ is a
diamond we denote by Yi,reet its quasiproétale site [Schl Def. 14.1]. We let Y proet/
denote the full subcategory of Y proer consisting of all perfectoid objects in Yp0er and
covers consisting of all families of maps that are covers in Y poet, equivalently jointly
surjective maps of v-sheaves, so that we have an equivalence of topoi Y ey = Y5 oe
by [Stal Tag 03A0] (applied with w the inclusion Yipoetr — Yoproet; DOte that any
object of Yyproet is a diamond [Schl, Prop. 11.7] and hence is covered by an object of
Perf). We may then tacitly work with Y cerr instead of Yyproet. In particular, we
let O denote the structure sheaf on either X oet Or Yproet, sending W in the site to
Ow (W), which is a sheaf by [Schl Cor. 8.6, Thm. 8.7]. We also note that if X € Perf
the map of sites X proet — Xproet iduces an equivalence of topoi by [Stal, Tag 03A0].
(This is similar to above, noting first that covers consist of jointly surjective maps of
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v-sheaves on both sides. By [Schl Lemma 7.14] there exists a proétale cover {X; — X'}
such that each X; is strictly totally disconnected, hence by [Schl Def. 10.1] for any
quasiproétale Y — X the pullback cover {X; Xy Y — Y} is such that X; xx Y is
perfectoid and X; x x Y — X; — X is proétale for all i.)

If F is a vector bundle over X we can extend it to a sheaf F,0ey of O-modules over
Xproet by pullback, so that Feet is a vector bundle over X ot (cf. [KL, Thm. 3.5.8]).
Moreover if F has an H-equivariant structure, then using the isomorphism € in the
previous paragraph we see that the H-equivariant structure extends automatically to
Foroet (a8 F = Fproer i compatible with pullbacks).

Now suppose again we are in the setting of Proposition so that H acts freely
on X. As the map of diamonds f : X — Y = X/H is quasiproétale and surjective, it
follows from [SW20), Lemma 17.1.8] that, if F is an H-equivariant vector bundle over
Xoproet (equivalently over X0t ), then (fo ) is a vector bundle over Ypoer. Namely
the isomorphism 6 : prsF = o*F provides a descent datum on F along the map
X — Y. Conversely, if G is a vector bundle on Y pet, then f*G is an H-equivariant
vector bundle on Xgproet- (More precisely, f @ Xqproet — Yqproet 1S & morphism of
ringed sites, with (f.F)(W) = F(W xy X) for W € Y proet and (f*G)(T") = G(T') for
T € Xeproet- Then (f.F)H is the equalizer of the maps f.F = g.pr3F = g.a*F of
Oy-modules, where g := fopr, = foa: Hx X — Y and the isomorphism is given
by 6.) We obtain in this way an equivalence between the category of locally finite
free sheaves over Y et and the category of H-equivariant locally finite free sheaves
over Xproet-

Lemma B.6. Suppose that X is a quasi-Stein perfectoid space. Then we have a
canonical equivalence between vector bundles on X,, Xproet, Xan- If F is such a
vector bundle, then H1(X,, F) = HY( Xpoet; F) = HY(Xan, F) = 0 for all ¢ > 0.

Here, by a slight abuse of notation, we identify an analytic vector bundle F with
its pullbacks to X et and X,,.

Proof. The first part follows from [KL, Thm. 3.5.8], and H%(X,,, F) = 0 for ¢ > 0
holds by [KL, Thm. 2.6.5(c)]. By applying the proof of [KL, Thm. 2.6.5(c)] with [KL|
Thm. 3.5.6] instead of [KL, Thm. 2.5.1] we deduce that H9(X,,F) = 0 for ¢ > 0.
Then HY(Xproet, F) = 0 for ¢ > 0 follows from [KL, Thm. 3.5.9]. O

Assuming that X is quasi-Stein, we deduce from [Heu22, Cor. 2.9] and Lemma [B.6]
that we have a natural isomorphism, for any n > 0,

H" (Yaproer, (< F)") = Hgyo(H, F(X)). (91)

(Note that X x H" is quasi-Stein for all n > 0.)
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Note that if F = Oy, then (f,Ox)"” = Oy so that becomes
H"(Yaproet, Oy) = He (H, Ox (X)) (92)

Lemma B.7. Let h : Y — Z be a map of diamonds with Z a perfectoid space.
Assume that for any totally disconnected perfectoid space Z' over Z, the fiber product
Y':=Y x5z Z' is representable by an affinoid perfectoid space. Then, for ¢ > 0,
Rih,Oy = 0 in the quasiproétale topology.

Proof. Suppose that Z’ is totally disconnected in Perf. By [SGAT2, Exp. V,
Prop. 5.1(3)], we have an isomorphism R?h,Oy+ = (R7h.Oy )|z, where h' denotes the
base change Y/ — Z’ of h. As Y’', Z' are affinoid perfectoid by assumption, it follows
from Lemma [B.6 as well as [SGAT2, Exp. V, Prop. 5.1(1)] that (R, Oy )z = 0 for
any ¢ > 0. By taking a quasiproétale cover of Z by totally disconnected perfectoid
spaces (using [Schl Lemma 7.18]), we deduce that R7h,.Oy = 0 for ¢ > 0. O

In what follows, for Z a perfectoid space, we will denote vz : Zpoet — Zan the
natural morphism of sites, where Z,, denotes the analytic site of Z.

Proposition B.8. Let X be a quasi-Stein perfectoid space of characteristic p and G
a locally profinite group acting on X. Assume that the quotient X /G is representable
by a quasi-separated perfectoid space Z. Assume there exist closed normal subgroups
H' C H of G acting freely on X such that X/H' is qcqs perfectoid which is quasiproé-
tale over Z, G/H' is profinite, and G/H s finite of cardinality prime to p. Then we
have an isomorphism, for every q > 0,

Hs (G, Ox (X)) = HY(Z,05).

Proof. Let ' = G/H and let Y := X/H. Denote g : X — Y and h: Y — Z so that
f =hog. It follows from (92)), that we have HY(Yoproet, Oy) = He(H, Ox (X)) for
every q > 0.

By the same proof as for Lemma we have (f.O0x)% = (h.Oy)' =2 Oy. From
Proposition and Lemma applied to G/H' acting on Y’ := X/H' we have
Rh, Oy = 0 for ¢ > 0 so that, for every g > 0,

Hq(Zproeta h*OY) = Hq(quroe‘w OY)

As the group T' has order prime to p, the sheaf O, = (h,Oy)! is a direct factor of
h.Oy and we have

Hq(Zproeta OZ) = Hq<quroet7 OY)F = Hgts(Hv OX(‘X))F

Finally, using again that T’ has order prime to p, we deduce HS (H,Ox (X)) =
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H(G,Ox(X)). Finally as Z is perfectoid, it follows from [Schl Prop. 8.5(iii)] that
Rivy; Oz =0 for ¢ > 0 so that

Hq(Zproeta OZ) = Hq(Z7 OZ)?

which allows us to conclude. O
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